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NeKuua 1. Bexktopbl, "MHEHHble
onepauuM Hag BEKTOpPamm,
CKanApHoe, BEKTOPHOE,
CMELUaHHOE NPoU3BEAEHHA
BEKTOPOB, YyCNnoBme
KOMMNNaHapHOCTW BEKTOPOB.

S

Bexroper. JTimel e orep ALDN HAT 6K Top A01

Myon, AB - oTpesoc SampeM 16 oM Harpaoa6e ot Tor0at A K Tooe 5
Tasoil OTpEI0K HATHES AT £F HONDABEHEEM |t 0fomamercy AD.

Bextopost (FeoMerpiniciats Bacropos) ¢ HATENAeTCR MHOESCTI0 Bomg
HAMPAENEHHEDT CTRETHE:, MMSONHE HHAKEYH LOHY B Banpaensme B
HANpEEmEEIA oTpeick AS M TOCO MECESCTES TAICEE NPHESTO HESIBATE
BERT O OM, CIPH 3T 0M A = BavaTD BerTopa, B = i sexTopa

o
—_—
A #

O oiEEvR FT CR BERT Op CHMEB (UM ABum e

Nmmmi (Mnmyned) Pevtops AN Hokmmmered pmms otpema AR ®
ofomes et

B errop, nmia KOTOPOrD PAEEHA B0, HATMRASTCS HYMERLIM REKTOPGM o
oficmaneercd 0 (Hymesslt pewop maofpaearrcs Tomoll B ONpEmANEBOIEG

ISATPARISILA HE OMEeT)
nﬂ. PERTU A EATHILETTC ) PasMRERER, = i HH 05N AT FATJRRIHE B T O s i

ITIMEEL, T A BTN EI meg—mfﬁu ﬁ].mm
My BT I T e e BT T

Top mosefto.e oIvpIEELAsm H& I BEFTOPaM MOHMMIIOT DNEPamnm oo
MCHHA H EBMSIMEHHE ECKTO0G, 3 TRKE YMANESHAS BEET 08 Ha OO
Tlyerh wanpasnesondt trpeox AF npefcravcer pacep o (s «
rosce B smmssl Beserop B, DOTySms HEROT opsnl Banpaanmenafl orpesme BC
i
a h

{

A ash
P |

Besrop, npeprrasmuee mupanne e 0TpenoM AC , ISURIESTCL M-
WOt ETOPOE a W b ¥ ofiomataeres a + b (puc 1)

e IEMMLA0 COEEE S BT Op 0 IELTRIRIOT I IR TP T artha s

Onepamos cookmsRs Moker Gume pacupocTpadsss B2 mofioe ECID CEa-
T BN BESCT OOl (paie. 1)

Cyatey M BERTOOOE MOEHG TOCTHEITE TAE 10 M) ABILUTY FUApa AT
pasen (pac 3}

Pammcrwm pexmapes g 0 b EREG0T perop © = g - b, SO emoporn

b+ =a (e ) )
- LI 3 L

. == g pemararsom leq :

obommmennd i, T, v
£ - [Pl = =i
b I moropst @ 0 Mg commpaRmTms o
Bk A= 1 TG R G mANTS e e A< 0

Mo cnpeosmmmn sne molon wEmopm

a wwen =0

n&mﬂmm.mpi.mump:ﬁ n 3a fumyT e mm
[

L] o L]

R angpsos M) ainESTee B Top ok

CRag LD TRIDDEIFINNS REYS HENFACEME BETORIE a4 § b mowma-
ETCE HHCAD, (EEHGE IROATE LIS RIHH 5710 BT0P 08 Ba KICHHYC YIOa ¢ MEEEy
HEMIE
(@B)mfabreosy
Mo onp egenesry g moforo Bedopa @ (@) =(a-0) =0
Ecmt perTopsd @ B b NpagcTannsl Choumo KoopEEETEL 3 = (xy, £, ¥y)
b=y ra),
TO CRATAPH G P OHIE CRCHIT BOEICeTCe 0 opMpms
(o By = xypry » w1y
Ha atane Sopaya, B SECTHOCTH, CRERYET SOphTa B GHpPENeReitD Hc-
HYCA T3 WK BERTopant
ED{E::E] Jedl T+ By Ealy
FFFI LIkt Bt Firra*F

BexTopHoe Npousse1eHne.
Onpeaeaenne,
CroficTsa.

Onpedelenue. YoopajoueHHas Tpofixa
HEKOMILTAHAPHEBIX BEKTOPOE HAILIBACTCA Npasoil,

eCTH HI KOHLA BEKTOpa ¢ Kpardafiinngi nosopoT
0T ¢ K D kaxerca NpoHCXOIAIINM OPOTHB
yacopoil cTpenky. B npoTHBHOM cay4ae Tpoiixa
nepas.

abc; bea;cab;, ach ; cba,; bac.
Ecnm ecte ape Tpoiikn 1ubo obe npapsle, 160 00e
TeBbIE, TO OHH HAILMBAKTCA OIHOM OPHEHTALI.
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Onpeperenne . BekropHEIM NpoMIsegeHneM o« D
HA3LIBASTCA TPETHI BEKTOP ¢, KOTOPHIil
YOOBISTBOPAST TPEM VCIOBHAM:

Lfd = [p P
1 cla Hanpagneuuwe BeKTORa € MOMHO
£:4.. ONpefenuTs No NPasuay NpaBoro BHHTA: 4
1'3‘ 1b BCAW NOBOPOT MONOBKK BMHTA
3. Bextopu 4, b ¢ oBpasyioT npaByIo TPoRiKy. COOTBETCTBYET NOBOPOTY BEKTOPa @ K E

B : BeRTORY b NO HAWMeHLLLEMY YAy, TO
e 7 Y ) ol 2]
i 1% b wnm: [4,D] NOCTYNATENLHOE NEPEMEWLEHHE BUHTA

A
e, b)=|d

camp, Ozgp=mn

ByAeT yHa3LIBaTE HANPABNEHWE BEKTOPA €. ¥
Zameyanue: Onpenenesite 1 0AHOIHAYHO J“"’“"f"'i"“ L
ompeendseT BEKTOP ¢ B TOM CIy4ae, ecTH He OIHH Heodxodumocms. Tlyets o || b=a-b=0 (mo
13 MECKHATENSH Be pasen (. B cayyae, eci XoTh onpeaeneniio 1). U .
OIHH MHOANTETE =0, 10 ¢1,D, ¢ - KONTHHEAPHB B Jocmamounecms . Tyers a-bh=0= E'y«l: L
(6.2 ] - pasro ryacosty sexTopy. 113 onpezerern 1 = T"|= 0, w60 [f{= o0,

Teomerputieckue cBoficTBA BEKTOPHOTO amGo Su(¢) =0,

npou3s it ﬂ}H -ﬂ,llr -U:-r‘em{tp}zi]:-nﬂii
. : &) My CTh XOTA OBl 0AHH B3 (0| H |E| b TOra

Teopema 1. JTna toro utol ¢ u b Guom - ”
KOJUTHHEAPHE! HEOONOTHMO 9T00 HX BEKTOPHOE YEA3AHHBI BEKTOP HYICBOM, OH HE HueeT
NpOHIBEASHHE . _E:, PABHATIOCE HYTIEBOMY ONpPeaeICHHOID HANMPAaBIcHIA, CIeI0BaTeIbhHD, 10
BEKTOPY . MOKHO CHHTATh KO/LTHHEAPHBIM TOGOMY BEKTOPY.
Teopema 2. Moays BEKTOPHOTO NPOMIBEICHIA
PABHASTCA MIOMATH NAPATIETOTpaMMa, T - L
MOCTPOEHHOTO Ha ¢/ H }, Kak Ha CTOPOHAX. 1) AHTHnCpeMecTHTEIBHOE T, b = F.h]= —Eb.f.']
JleficTeHTenL O, W3 onpeteneHna 1 caeqyer: 2) CouetarenbHo¢ CBOMCTRA OTHOCHTENEHO

CKAIApa (ACCOUMATHEHOCTE)
vabu iz R=|pab|=farb]=fad]
Caedemsue: § . = H[;E]l 3) PacnipenennrensHoe cBOHCTBO OTHOCHTEILHD
2 CYMMBI { THCTPHGYTHEHOCTE)
va,b.i = [a+ b)e|=[a.c]+[p.c]

/3: 1OKAYATH 0IHO W3 cROJCTR!

(73] )= s
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§ 2. BekTopHoe NPOHIBEIEHNE B KOOPIHHATHOH
opme 3anHCH

t;i’— DasHc H: |_,r| < |k| =

4 PaccMoTpHM BEKTOPHOE
MpOH3BEIeHHE OCHOBHBIX OPTOB.
| ~f]=#~"'[ _

A 1) é]= ] j[sn(m/ 2y =1

) > 1} |{_- J_J':
i €L
x 3) 1. .c — oBpasyroT NPasyio
TPOiKY.

HE_]E;:;-:‘U. i =k
il [T
F.il=J. [.5]=-

IycTts B npAMOYTOILHOH IeKapToBOl cHOTEME
koopauHar XOTZ

a=(x,%.5) a=x 0+ f+5k
2 Wi ; : -
b ={%%,.5) b=xy i+ ¥y f+s°k

To pacTipeaeTHTeTbHOMY CBOACTBY ¢ H ) MOKHO
MEpeMHOKATH 10 MPABHTY MHOTOWIEHOE.

[lo cogeTarenbHOMY CROHCTBY (2) MOEHO
BBIHOCHTE IOCTORHHENT MHOKHTENE 38 3HaK
BEKTOPHOTO MPOH3IBEISHHA.

Mo aHTHNEpeMeCTHTETEHOMY CBOHCTEY NpH
MepecTaHOBKS COMHOMHTENEH CIeayer HIMEHATD
IHAK

I‘_I'i;] {1:+11;+-ij {YJ' + ¥yt f*‘-:'r']"

e e Ty r,!;[k.r]ﬂ,rz[" j

+1112[ INI T k. J +1,-;[f k + 1,2 zi;"]+-1-z[

Iﬁ.ﬁ]: —X, ¥, I‘+\2 1_,r+‘lu 12."{—12-! —-x2 2_,1'+‘L| 2!
[ 'E’-]_rhl =5 1:||} Jf“:ﬂz t]L'+k{T112+tJ1I}{*'1

"1 = "-1- "'1"-':r

ijk

o a- b=y ¥ 35
Y1 ¥2 5

PackpeBad cHMBOIHMECKHI onpeleIHTeTh
TPeThero Mopagka mo ajeMertam [-0f cCTpOoKH Mbl
noayuHsM koopausaret |a, b | & dopwme (**)

£ 3. Ve 1oBNe KOIHAEAPHOCTH IBYX BEKTOPOB
B KoopauHaTHON dopre

Mycrs ﬂ'—I;1‘| 1,.-5}" =5 0553 )= [ﬁ f:] 0
FHAYHT BCE TPH KOOPIAMHATE! 3TONO BEKTOpa B
cooTHOMmeHHH (**) - By, To ecth

xﬂl_rlfl’u:'ﬁ'ﬁ
n »
& X
}r]zz__pzz:I:n}:-ﬂ:_l.:.T:y_’:ﬁ_
¥ & X3 1 I
z
fn-tn=0=3=3
e W

10 €CTh eCITH ¢ KoJUTHHeapeH [ , To HX
OJHOHMEHHBIE KOOPIHHATH MPONOPUHOHATEHEI,

§ 4. CvemanHoe NpoN3BeleHAe TPEX BEKTOPOB

Onpederenne. CMEIIAHHBIM HIH BEKTOPHO-
CKATAPHBIM NPOHIBEICHHEM TPEX BEKTOPOB (1, b, ¢
HA3BIBAKOT YHCIO, PABHOE CKATAPHOMY ;
[POH3BEIEHHIO l{.;_ ;;Juar' 1 0G03HaYACTCA ri.b]- ¢
[eoMeTPHUECKHI CMBICT CMEIIAHHOID
NpoH3IBEIeHHA
Teopewa. CyemanHoe MpOHIBEIcHHS TPEX
HEROMIUTAHAPHBLIX BEKTOPOR ¢, b, ¢ papHo ofbemy
NApaIenHeta . NoCcTPOSHHOIO Ha STHX BEKTOpPAX
Kak Ha pelpax, BIATOMY €O 3HAKOM «+» . ecOH gbg
- MpaBas | CO IHAKOM «-» eCTH b ¢ - 1esas Tpolika
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JdokalareILcTBo
nmpagag Tpofika

N T ’ .'|I il ,l'l

‘_‘:—%
—\_\_:_
—
o | =

;Id El
= Coa0

Shys 4

i} b - npasad nh f-Lr {:] H cosc= 8

-.—|"

5WI;E—.H=BMH=|:‘| cosgp= F| cos{'.rl:-m=—|c|-msu

[o.5] c= [ﬁ.fr (-H)=—S H=-VF

(‘"&“ﬁﬁi‘e‘i"ﬁ

M3

Cnencrene 1.1, = |lrr .!':] |

CecTRiE 2. Ta. b.c= [ﬂ Ea] c=a-|b. ;]
To ecTh B cMeMIAHHOM MPOHIBEICHHE Je3paiamaHO

KAKHE H3 BEKTOPOB MEPEMHOKATCA BEKTOPHO,
THIE Bl HE HAPYIHTE NOPAJOK cOMHOEHTe el abe

& 5. Ycaopue mun.uu:pnnm TPEX BEKTOPOBE
Jis Toro wtobsl g b ¢ Gkl TLTAHAP HBIMH,
HEOGXOIMMO H A0 CTATOYHO! rn bT

JoKazareILeTeo

Jdocrarounocts. TIveTs b, c - KOMILTAHAPHEL

s

[To onpegenemmo 1: [:1- b]J_ .r.-l
[;;.f:—]l I:n

= |ab|Le=|ab)c=0nra

HeodxoanmocTs. [Tycts I;Efr Le=0

ITo onpene- [" ‘t’]l a4

. b]J_ o

§ 6. CMelIAHHO® NPON3IBEIEHHE B
KoopAnHaTHOH dopme

Teopewa. Ecan . b, ¢ 3a7aHbel B OpAMOYTOIBHOMH
IeKapTOBOil cHCTEME KOOPIHHAT CEOHMH
el B (%, ¥.5)
l{’ = '.T_l;_.. _rz,:z |'

(: = {.Tj-. 1'3.:] '

neHHI |: [a h]J_ b= [f; Er]_L . h
. q 1‘_..3. TO HX CMEIHAHHOC NMPOH3BEICHHE
Tak Kak Hx [7 s ]J— ¢ papHATCA ONpeleTHTE O 3-To MOPAIKa. CTPOKAME
CRATApHOE NpoiieeneHie = 0 KOTOPOTo ABTAKTCA KOOPIHHATHEE CTPOKH
JAHHEIX BEKTOPOE.
Visnecnio: Apxasareincrso. Nexuma 2. NNOCKOCTL Kak NOBEPXHOCTE NEpBoro
=¥ 20w 5 ;| o5 = o NOpAAKA. YPABHEHMA NAOCKOCTH M MK
[ﬂ'- .E:]= ! ‘ g +k- \ vccnefosadue, NPAMaA B NPOCTPaHCTEE, BIaMMHOE
Y2 = e Yz N PACNIONOWEHWE NPAMBIX B NPOCTRAHCTEE,
¢ ={75.05.55) NADCKOCTH M NPAMON B NpocTpancTee. MpAmas Ha
- S ¥ = £ 3 NACCHOCTH, YPABHEHWA NPAMOR Ha NIOCKOCTH,
[.:'.-. t':]rr' =" 7 Xy — : vi+ L o = PACCTOAHME OT TOYHM A0 NPAMOA HA NADCKOCTM.
X #3 2 2 e Kpusbie BTOPOro NOPAAKA; BLIBOL, KIHOHMIECKUX
% ¥ 5 Y N o5 YPABHEHKE, MCCNEA0BAHMUE YPIABHEHMI M
S - == NOCTPOEHWE HpWekX, MosepxHocTH | nopaaKa,
["' I:]-r Y N oA abe =[”‘ JI’]"’ il R MCCNEA0BIHME KAHOHHYECKWX YPIBHEHHA
Xo o Do L R Y nosepxHoCcTeR. MeToq ceveHni.
Qra
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FAeMEHTH AHATHTRYECKOH FeoMeTPpHRA

§ 1. I1ocKoOCTS.
Tveem OXYZ 1 HeroTopyio

MOBEPXHOCTE 5
Flxyz) =0

Onpeaeaenne 1: ypapHeHHe ¢ TpeMA NepeMeHHBIMH
HASEIBAETCA YpaBHeHHeM NOBEPXHOCTH S B
HPOCTPAHCTEE, ECTH ITOMY YPABHEHHIO
YAOBALTEOPAIOT KOOPAHHATE Ka# 06l ToukH,
Ne#aiieif Ha NOBEPXHOCTH H HE YAOBICTBOPAIOT
KOOPIHHATE! HH OTHOM TOUKH He nemanefi Ha Hefl,

SR

M3

Hpuvep.

Vpasmerne (x-afF + (v - B+ (z-cF =R (R=0)
onpeaensen chepy ¢ ueHTpoM B TouKe Clab.c)n
paauycom R,

Mixy.2) — nepeMenHan
ouka Me (5) = |[CM =R

S~ R=J{.‘t‘—n}2+{]'-b|‘z+{:-c‘}2

(x—af +(yv=bF+(z=cfF=R*

Onpeaenenne 2: [TopepXHOCTE 5 HasbBaeTCA
OOBEPXHOCTRIO N-TOMD NOPAIKS, €CTH B HEROTOpO
JeEapToBOil CHCTEMe KOOPIHHAT OHA 3amasTCA
atredpaddecKHM YpaBHeHHeM #-Toil cTeneHH
Flxyz)=0 (1)

B npruvepe (5) - OEpYEHOCTE, NOBEPXHOCTE ETOPOTO
NopAIKa,

Ecnn § - noBepXHOCTE #-TOTO NOPAIKA, TO

Fixy.2) - Mporounes n-1ofl cTeneHH OTHOCHTEIBHO
xy.r

PaccMOTpHM SIHHCTBEHHYK MOBEPXHOCTE 1-ro
OOPAIKE — IVIOCKOCTE,

CocrasHM ypaBHEHHE [LI0CKOCTH Npoxoadmeii depes
TOMKY M, ¥n.20). ¢ BekTopos Hopyaty /t = (4. 5.C)

Myere M{xy.2) - 310

OpoHIBOIbHAR (TeKVIad) To4Ka
" oo
Meo<=n L MM me.

(- MM )=0
i1 B KoopaHHATHO (opue:

o ﬁl
J.Irnjj — [.‘f = .Tu.,_'l' _IIID.: _:ﬂ I

Alx—x, )+ Bly— 1, )+ Clz—z,)=0 (2)

Ypapuenue (2) - ypaBHeHHE IU10CKOCTH NPOXOTAIIEi
uepes TouKyY M ¢ JaHHBIM BEKTOPOM HOpMATH H.

Ax+ By+ Cz+ (= Axy— By —Cz4)=0

D
D=—-dx,— By, —Cz, %

Ax+ By+ Cz+ D = () 3)- noaHoe ypasHeitie
II0CKOCTH

Henoaunoe vpapHenne n10cKoCTH.
Ecan B ypaeneraH (3) Heckoasko koadimumeHTon
(Ho He A,B.C ogHoBpeMenHo) = 0, To ypaBHeHHE
HA3BIBACTCA HEMOIHEIM H ITTOCKOCTE O HMEET
0coGEeHHO CTH B PACTIO IO CHHH.
Hanpusep ecan D= 0, To o NPOXOIHT 4epes HAYATO
KOODIHHAT.

Paccrosmme oT ToUkn M) 10 II0CKOCTH @
My(x;0.5,)

CAv+By+Cz+ D=0
D==dxy=Byy-Czy)

VM5 )s o J

w3 (3)=n=(4.8.C)

MPITOGHM §p B TOMEE M

d= ,*iﬁ-”n-‘”J

e M A
np MM, =" |f“ 4
[

s
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n MM, = A% - % 1+ Bly, - 3y )4+ Clg - 7 )= -
= Aty + By + Cq + - A = Byg - Cop 1= A+ By + T+ D LTH'F]= a b 0|=ibe+ Fac+ kab
d-PE BN CR D o ocronmme ot Towkn M, L a 0 ¢
VA +F+C  10miockocrn o o
VpaBHeHHe MI0CKOCTH B 0TPEIKaYH n=(bc.ac.ab)
CocTasuM ypapHEHHE IOCKOCTH oTCekaromedl Ha be{x—a)+ac{yv - 0)+ ab(z - 0)= 0 -vpapheHne
KOOPIHHATHELS 0CAX H:Hy'xcnuc OTPE3KH ¢ bes + dey + abi== abe IO CKO CTH,
peaHaHHaMi a,b,cla’ 0,620 ¢ : — npoxoJAmeii
B kauectse 1 BOIBMEM jj= rﬁ'"-j("l £+ l+ Y | -ypaBHeHHe yepes TOUKY A,
CocTaBHM ypaBHeHHe AMA T A C ) a b ¢ 10 CROCTH d nepnesIn-
e - — - " . n L &
AB =(-a.b0). AC =(-a.0.¢) B OTpesKax b
1 a0 BEI\.—IOP} .
w s HOpMATH N
2. Odmee vpapHeHe mpaMoil. llapaveTpuaeckne f’fu{x""}"":"}
H KaHoOHWMeckHe ¢ = (.A.p)
[MpAMYI0 B MPpOCTPARCTEE MOMHO 340aTh YpaBHEHHS M{x,y.2} -npowssoassas Touka TpAMOR
nepecedeHHeM 2-X MI0CKOCTeM. npaMoi rowma M e a = MM
oy oy =h SteR  MM=z  (2)
'U-] ...'II.T‘}‘ ELT'F C |-:+ .[J] = {] | {]} },"paBHI:HHe MI]M =\%—Xg.¥— Fp2—Z !
o, A,x+ Byy+ Cyz+ Dy =0 npaMoii & = {mt.nt, pt)
MapasteTpirmecsoe ypannenie
Curcrema prIa (1) onpegenger OpAMyo B x—%g=mt =+ mt
MpOoCTpaHcTBe, ecai kodddHumHeHTH A.8,,C) popgmmt &5 dpmygsnld),
OIHOBPEMEHHD HEMPONOPUHOHATLHE A1.84,Ch. z-zg=pt z=zy4pt

.:g]nmr,wu{ 1 - mApaMeTp

Hexmouns [ mOTyaHM:

X=X _¥-M _:—%

" 7 P

(4) - gaHOHIYECKDE
YpaBHEHHE

Cucrema (3) onpeaendeT JIpi&eHHe MATepHATEHOM
TOUKH, ApAMOIHEEHOS H pABHOMEDHOES H3
HAMATEHOTO NoaokeHHa My(x;.1.5) €O CKOpPOCTBIO

- b
"= Jm" + n® + P

B HANPABICHHH BEKTOPA 5.

ACCTO 0T TOKH 10 A0

M,(x, v.5) b, | o
= f ll' _‘!_,-""H
M, N Lg”
Ao (xg. ¥y 5g) I -

0 Yo=g | N\
s=(m.n, ) =

i |Luﬂ:.f ]|

H= -paccTofAHHE OT TOUKH A

Jo npaMod a

5

&
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3T MeAIV NPAMBIME B NPOCTPAHCTBE,
YeaoBHE NapaielbHOCTH B
MePIeHIHEYVIHPHOCTH,

llycts B mpoctpancTee Ope npamsie Ly, Ls
3A0aHB! CBOHMH KAaHOHHYECKHMH YPaBHeHHAMH!
X%, ¥Y-—=3 =-5

h ny h

X=Xy V=¥ ==

1y 1, My
Toraasagaua onpeJeteHis YITIa MEAEIY ITHMH
TPAMBIMH CBOIHTCA K OMpPeleleHHIo YIa @ MexIy

iR

M3
HX HANPABIAIOMIHME BEKTOPAMIL:
G, = (homgm ). @, = (lyamyiny)
TToab3yace ONpeneTeHHes CKATAPHOD
npomsenenns 4, = (G [|cos H

BHIPAAEHAEM B  KOOPIHHATAX  YKa3aHHOTO
CEKATAPHOIO MPOHIBEISHHA H ATHH BEKTOPOB gy H
2. NOIVYHM 1A HAXOAICHHA ¢

— Wl + gy + myn, _ 4y
S+ mi et J1 vnd +nd @17

Yocaosme napaiaeIbHOCTH OpAMEIX [, H i
COOTEETCTBVET KOJUTHHEAPHOCTH gy H g
3ARIKMACTCA B MPONOPUHOHATEHOCTH KOODIHHAT
ITHX BEKTOPOB, T.2. HMeeT BHI:

L. .|

L my om
VeioBHe NepneHIHNKY.IAPHOCTH CIEIyeT M3
ONpeIeIeHHA CKATAPHOTO NMPOH3BEASHHA H €ro

[ABCHCTEA HVIHD (npr cos @ = 0) H HMeeT BT
ill;: + HILH‘T: ™ HEJIJ =0.

¥roa MeRTY IIEE!I{IH H ILT0CKOCTRIY: VO TOBHS

PaccmoTpiv miockocts [, 3adaHHyio o0LIAM
ypapHeHHEM: Ax + By + Cz + [} = 0, H npauMy©0
L, 3371aHHVI0 KAHOHHYECKHM VPABHEHHEM:

X=X _¥Y-n_=-5 g
! n n L ] .
q
e
7

TE. y101 ¢ MeaIy npaMol L # MI0CKO CThi0
[T apnAeTcA JONMOIHHTEIBHEIM K VIIY W
ME#IY HANPABIAIINM BEKTOPOM MpAMOH

E =/, m, 1) H HOPMATEHBIM BEKTOPOM
miockoert 1 = (4, B, C). 1o u3
OnpeleieHld CKATAPHOTD NPOHIBEIeHHA

g n=| gl njcosp u pasencTea cosy = sing
(p =90 - y), moaygmu:

ng o Al + B+ Cn
|ﬁ||ﬁ| \I".—l2 Y B yIIF +mt+nt

sl =

YeloBHe napalielkHOCTR  npaMoid L W
MIOCKOCTH T (BERINMArOITee B ceba
NpHHATIEKHOCTE L K JT ) 3KBHBATEHTHO YCTNOBHIO
NEpPreHIHEYISPHOCTH  BEKTOPOB q‘ HE n H
BhipasacTca = 0 CRATAPHOTO NPOHIBEIEHHA 3THX
BEKTOPOR: E n=10:

Al+ Bm+Cn=0.
VeaoBHe NepUeHARKYISPpHOCTH npaMoil [ ®

ITOCKO CTH Fi IKBHEATEHTHO YCIOBHIO
MapanIeTbHOCTH BEKTOPOE M1 H g M BRIPAKAETCH
NpONMOPUHOHATEHOCTEK)  KOOPJHHAT ITHX
BEKTOPOE: 4 B C

I m w

s
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VeloBHS NPHEATISKHOCTH BV NPAMBIX K
OHOH NI0CKOCTH

Jpe npaMbie B npoctpadcTse L) # L; MoryT:
1) mepecexarbea; 2) ObITh NapallTeTbHBIMI,
3) CKpelIHBATECH,

B mepeelx aBYX coyvadx mpamele Ly m L,
EEAT B 0OHOM IMTOCKOCTH.

YeTaHOBHM  VCI0BHE MNPHHATISKHOCTH K
OOHOH MIOCKOCTH OBV NPAMBIX, JATAHHBIN
KaHOHH9ECKHMH YPaBHeHHAMH:

&

SIS H

STHAN

Maun_

= _ ¥Y-¥ a3
Fom

XN _¥-¥_i-5

A iy My

CueBHIHO, UTO 118 OpHHATISKHOCTH ABYX
VEA3AHHBIX MNPAMBIX K OIJHOH IUIOCKDCTH
HeoOXOOHMO H  JOCTaToMHO, YTodB  TPH
sexropa MM, = (X3 - X3, ¥ =¥ 2= 21

@y = () B g2 = (lamyny). OBLIH
EOMILTAHAPHRL, 1718 4ero B CBOKY OYepelhb
HeoOX0AHMO | JOCTATOMHO, YTO0k CAICIIAHHOE
MPOHIBEIEHHE YEASAHHEIX TPeX BekTopos = (.

JanHchIBaA CMellaHHBle  MPOH3BEICHHA
YEA3aHHEIX BEKTOPOB B KOOPIHHATAX NOIyHasM
HeoGxoOHMO® H  JOCTATONHOE  YCI0BHE
NPHHATISKHOCTH ABYX mpaMbx L; H L, K
OIHO M0 CKOCTH:

L Ity My

Ycaosme npHEALIEAHOCTH NPAMOil K
MI0CKOCTH
[IycTh ecTh npAMad

=X L ¥y=¥ _ = :l

/ m n
HmiockocTe Ax + By + Gz + D=0,
TH YCIOBHA HMEHT BHI;

A + B+ Cn+D=0Al+Bm+Cn=10
MepEOE H3 KOTOPBIX O3HEMAET, HTO

¥

TOYka

Mi(xy 00 .51). depes KOTOPYHO DPOXOAHT MpAMAad,
MPHHALTEANT MIOCKOCTH, a BIOpOE — VCIOBHE

MapaTIeIEHOCTH H'pﬂ.\iﬂﬁ' H MO CROCTH.

L{EEBHE BTODOTD NOopPsIka.

§ 1. MMomsrie of YpaBHeHAH JIHHHA HA IT0CKOCTH.

Vpaerenne (1)) = 0 HaskiBaeTCA YpaBHEHHEM
TiHEH L B Be0paERofl cHCTEMe KOOPIHHAL €CIH
EMY VIOBISTROPAIOT KOOPIHHATE TH000il ToukH,
nexammedl Ha THHHH, H HE VIOBICTROPAIOT
KOOPAHHATE! HE oMo ToUKH, He Jexamedl Ha Hefl

v
N

Dl r

Hpusep: (x-ay = (y-byF =R (R>0)-
ypasHeHHe OKPYKHOCTH paaHyca R | ueHTpoM B
Toure Cla,b).

Ecmm 1.) VM x, vIeO=

) YMix.v)eO=
Vi

fcar|=R
fcM|= R
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Jnang L #HaskBaeTcl IHHHER n-TOTO MOpAdKa,
eCTH B HekoTopoii JekapTopoil clcTeMe KOOPIHHAT
OHa 38JaeTcA anredpaHdecklyM YDPABHEHHEM n-Tofl
CTereHH OTHOCHTEIBHO X H V.

MBui 3HAEM EIHHCTBEHHYIO THHIO |-To NOpAIKa —
mpaMyk: Ax+By=D=0

Mur GyzeM paccMaTpHBATE KPHBLIE 1-T0 NOPAIKA:
3naHne, rEnepSoay. napabory,

OSmee ypasseHHe THHHI 2-0T0 NOPAIKA HMeET
BHI:

A+ B+ Cxy+ Dy + Ex+ F=0

S

aaunc (3)

Onpeieieine, WUIANC — MEOHESCTRO BoeX TOHEK
MIGCKOCTH, CYMMa paccToRHHIE SO TOPLIX 30 J8VX
(PHECHPOBAHHEIX TOYEK M10CKOCTH F) H F;, HAIMBaeMBIX
MC&ME_. BCTEH BETHMHEA MOCTOAHHEAg H foasmas
PACCTOAHHA MERIY HOKYCAME.

QO0IHATHM MOCTOAHAY IO 20, PACCTORHHS MesuTy dokycaun

I MMpoBeTey ook X aepes GoKyCEL
(a>e¢,a>0,c>0) 0ch ¥ uepes cepeIHHEl
Ly J’_?H'II (HOKYCHOTO pacCTORHHA.
¢ ; [Mycts M — npomIBOIERHAS
. el \ TOHER VITHICA,
F, [, [ Ak x TMeISn+n=2a()

raer;, r; — GokaILHEE
paTHYCE 3,

Jamummes (1) B KoOpIHHATHOR popne:

\Ill[l[.r-i-a:'l:+_'.|'J+-.‘|'||:.1c-|:"}=1n-yi =2a (2)

FTO YPAEHEHHS 2UTHIICA B BEIOpauHotl CHOTEME KOOP THIAT.
2 i |

Vipoutas (2) mo vy 2

e = i)
= {

MO®HO NOKa3aTh, 9T0 (2)H {3) IKBHBATCHTHEL

.JI_TI -0+ \III:I +1' = .,f'r-r .Er{.uf_1'—fr+ "u'[""*'b l: 2a

Hecaegosanne ¢opMbl WIIRNCA M0
EAHOHHYMECKOMY VD aABHEHNID

1) 33aane - 210 MO
21 CHMMETDHA 3LTHITCE,

T.E X HY BXOAST 8 (3) THIIb B 4eTHRIX CTENEHAR, TO
WLMHIE BveeT 2 OCH H | O9HTP CHMMETPHHE, KOTOpEE
B BEISPAHHOH CHCTEME KOO D IHHAT COBMATAIOT ©
BHGPaHHEME OCAMHE KOO PIRAAT B Toukof O,

y+b4y+28)
y+dby+2b = b2y 4 b)+ y

y+biy—ba ly-B)+ y+ b) = 4a*

3 PacnoaoserHne 31 IHOCE

'J yl
=]= . =8,
= red ||

T.e. BeCh 3 PACTIOTOGHEH BHY TPH IIPAMOY TOTE HERA,
CTCPOHE HOTOPOTO X= g Hy == b

i <ad, [x] = a:

4111 EHHE ¢ OCAMH.
COX: [ 2 — A0 Aa{a@0)
1 .1-1 - F =1, & = LY ]
y=i x=ta SEPUINAL XLINNCE
coyV: [ - 3
|=r +§:—~ yey By(0:b);  By(0:-b):
-_.\‘ =0, y=455

B cimy CHMMETPHH YITHIICE PACCMOTPHA €70 O BECHHE
(T1)amue B ] 9eTBSpTH,

Pazpeiase (3 ) OTHOCHTEIRHO ¥ IIOTY HM:

R b =2z
=2 i o 0,
¥ = FRES - L P s . < T

BlaetBepTHY =0 M aTHne vORIBALT.

BHEJ'.' 3= JAMEHYTAS KPHEAS. OBATEHAN. HMEHITAY
HeTRIDE LITHHEL.

ILyan mocrpoenns 3.
1) CTpOoHM NpRAMOYTOMEHEE CO CTOpOHaMH 24, 2h
2) BouceIBaey BEITYETYIO OBATEEYID THHHK

fub’—%-(&;"&] [b+xb].(ﬂuuﬂ—zIILI.::-xr]_[E]: s

&

s
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HocTpoenne Wiannea

SR

M3

lunepboaa (T
Onpeteaenne : I — unomecTso Boex TOHEK MTOCKOCTIL
MOIVIE PATHOCTH PACCTOAHHIT ROTOPRIX 10 2-X
thHKCHDOBAHHEIY TOMEK MTOCKDCTHF | . F) eCTh BETHMHHA
MOCTOAHHAR H < 3TOT0 pacCTOAHHA

i 2a,iFFil=2¢ vi
’ | Ml
Al / He X B CHCTEMY n Jﬁ '\i{'l
0 _MDOPIHHAT . — .
2 Touka MeT <2 |ry - roi=2a P | Falcel
1 e el ! ri=ry=<tla J
]E-, B xoopaunatrof dopye:
JxrcP sy - Jx-cPey =422 ©
(1) - vpaepnense [ @ BRIGpanaol cHCTEMES KOOPINHAT
Vopomas(1): _:_%f:_ﬂ (% Bl og? i’m:pfun_:pmummemanm MEHTY OPAMBIME
T =4a,Xx= H

(2) - KAHOHITIeCKDE VDABHEHHE T,
(1) 1 (2)— IEPHBATEHTHEL.

HeeaeaosaHne rUNepHoIb N0 Ka HOHIMECKOMY

YpaBRHCHHKY

1317 nHHER 2-r0 NopaIEa

23T HvieeT I8 OCH H OOHH USHTP CHMMETPHH, KOTODIE B
HANIEM CTYHae COBMATAIOT ¢ KOOP TMHATHRIMG OCAME |
HETATOM B0 PIHEAT.

3 Paiqmomcm-!e rHMepGOh,

'z a?

=1+I >
e Xa x|z a
-_.,,I_-l

4) To9EH NepecedsHuA ¢ OCAMH.

O a
43 —{:--], ELE T
y=0

OF: o Jl'] ;
17 B

Ay(-a:0) Axa0)— AeficTBHTEIbHEE BEPIIHEE [
B(0:b); Bo(0;-5) - muavEe epummEs [
2a-peficTeHTeTEHAR OcE [

2bh— mEEMaf ock I

5) ACHMITTO T THIE P00

B cany cuvMeTpHR D PACCMOTPHM 22 9ACTR B | 9eTREpTH.
Paspemus (2) OTHOCHTETRHO V. OOTYHHM:

_.,._E [ vpasensel B I wersepTx =0
il
PaccMoTpHM ApaMyVID: F = il r

TEB] wempm.ﬁ&,‘m% ¥ % Wr' =8 ge BluerBepTH
OpH oIH0H | Tod ke afcimcce, opIHRaTa mpaMod =
OpaHHATH coOTReTCTEYVIOMmef Toukn I, T.e. B I getRepl”
TEEHT Hitke 3Tof npavoit.
Boea I fes#Hr 8BHYTPH BEPTHEATRHOIO V14 CO CTOPOHAMHE

]

y=%t— =x
a

) |
e J /?”‘
e - — ‘ "‘ - — o
4 AT -‘\ LG A
=y =
': i I.-‘f ‘\-‘ -\.h—-\___
: s
> o

[Mokames, 470 MPH HEOTPAHTSHHOM YILTEHHH 0T HA9ATa
KOOPTHHAT | MpHSTIEReTCA K OPAMEIM » - ¢+ 2 4 .
&

6&

s
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dop| (]
& L N = Y'J-Erpiqﬂz -8 =
M ol a @
4 b
-l = -
a5 n: i -a |
"Elfl'::r th[f ].EM a
—_— "i-l'_.._l." J :r+3:|:'—a
L Eﬂ_lﬂ'ﬂh wilsl=mpu e =0
] -]
FE =T, FE= = SOCHMARONN r
a a

6) Moo mokalats, 9To Bl 9. T BozpacTaer
Tiaan nocTpoends [
a) CTpOoHM NPRMOYTOIRHEE 24, 26
) mpoBOIHM 610 JHAMOHATH
B} OTMETHM A, A — JefiCTEHTeTLHES BepIHHE I 0
BITHINEM *TH BETEH

PaccuoTtps d (aupesTpcy ) 1 F (fokve) Ha MI0CKOCTH.
On A& TEHHE. l'] = MHOEECTBD BCEX TONMEE INTOCROCTH.
PABHOYIATEHHEX OT OpaMod d o Toum F (joxye)

_I:"| 3 ﬂ'-.'I.H'pEL'rpEta
N F-okye
\_». Xoy
T fig > K=p (>0
z(%.u) Miny
)

touxa M e 1 Toraa, |MF) = [MN] x*=2py x'=2py y=2px y=-Ipx
-E", b ni" X=X cos "5 i
e G R .
vpasHesne [T, Budpaioil B CHCTEMe KOOPIHHAT y=xcosps )y smp \ ;
Ynpomaa (1) noay<Hu € = &8, + ayf \'.\k iy
" ! i1 .
(2) - KaHOHITIecKoe ypasHeHie [1. 4y =+l -
(1) {2) JxBHRATEHTHE] x=x(i-1}+y(ji)=x cosg- jsn p
§4 s F Mycts M{x.y.2) - OpOH3EOTRHAT = | Micxd
i ? 5 4 fkga
1 IPHYECKHE Mo AHOCTH € 00Dy HIHM SR L R T

APAITETEHBIMH KO0 HATHEIM OCHME

im

Yepe: TOUKY X THHHE L Oposedes
NP0 NAPRLTIETLEVED OCH O,
NMoeepxuocts, oOpaosannan
STHMH MPAMEIME HAIKBACTCH

LA THAI D HEECK I MO BEPRHOCTRID
TTH T DA
Mofaf TpAMAR NAPATIETEHAR OCH *"""‘--...#"
07 HasuBaeTCA oOpasyiomeli. s
[ - HANpaBIMOmas Zixy=0 (1)

UHTHHIPHYecKyH N0BSPXHOCTH
miocrocTHXOY.

y=h

XHOCTH, CrpoeuHpyves ee Ha L,
Mye L==Z{x;00=0 (2)
=%y . Zixp)=0 Mell
Mye L

\L“_
t

" : M (ra g2y

TO 20Th KOOPIHEATS! M YIOBTeTBODAOT (1 ) 09EBHIHO, 9T0
ect M £ L. 70 0Ha He OpoeKTHPYeTCH B ToSEY Mye L H
CIeI0BATETRHO, KOODIHHATE M He SyayT VI0RTETBOPATE
ypaeHeHHI (1), KoTopoe onpenenset L ¢ oSpasyviomedt
napaTiensHoi oclH OF B NpoCcTpancTee.

AHATOTHIHO MOKHO NOEAZATE, 9T0

&(x.2) =0 B npocTparcTee [ OF

@{y.27) = 0 onpejexdeTr BOpocTparcTee L] | OX
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Hpuvepsl ULITHHAPOE BTOPOTO HOPSIKA 2)DemepGoirieckiti
1) 3anEnTHeeckEl 2 2 =
= +:fF =1 .
a 7 |
"
[ s
I T b= _
| ——— A - 4
I 7~
. ) K v {2
3 Mapafonmsecknli  17=2px
J|:n-l“ = Ty
I - AHCTBEHHOH JHHIN HA K00 ol E.f:}tm'r;; =g f 9;
DI0OCKOCTH - 7 ='E, | I
Hmanpbcmaucmeunm:mmpmerpma - BL fryl
nepecedeHHeM MoBepXHOCTeR. OIHY HTY e THHI MOEHO
IoBepXHOCTH BTOROTO D Bl

378 TE 7 pATIMHLIX MOBEPXHOCTEL.
MycTe NpocTpaRcTReHRAR THHEN L 3ataeTca (1 JBYX
noeepxHocTed a:

S Pz =0

Sa Dalxy )= 0
vpasuenne L  [dyixaz)=0 (1)

‘[tb:{.m'.:J =0

Haitgem npoexino L #a m1ockocTs XOY #3 ypasHesi (1)
HeRTrsaen Z. [Toayyamd ypagsene: Z(x))=0 -8
npocTpaHcTee 310 ypasHeHHe I ¢ ofpayviomefi | OF
H Hanmpaeaomei L,

DIIHNNCORT — KAHOHHTECKOE VPaBHEHHE NOBEPXHOCTH
HMEET BHOC

a =0
:_’+y’+z:'_l b0
@ b e

e=0

1) 3aIHncon] - MOBePXHOCTE BTOPOro NOpAIKa.

2} X, ¥.Z pxonaT B YPARHEHHE THITE B JETHEIX CTENEHAN ==
MOBEPXHOCTE HMEeT 3 ITGCKOCTH H | UeHTR CHMMETPHH,
KOTOPEIE B BRI paHHOH CHCTEME KOOP IHHAT COBMAJAKT ¢
KOO [ THHATHRIMH IITOCKOCTAME H HAMAT0M KOOPIHHAT.

3 PacnonoseHHe YITHNCOHIA
' y:' z’

_=1___
a* bt ot

2?24

k|<a
TopepXHOCTE JAKTIOMEHA MERTY || MIOCKICTAMH ¢
VPABHEHHAMHX = 4, X = ={.

AmatorEamEo [¥|s6. |z«

T.2. BCH MOBEPXHOCTE JaKTHHMERE BHY TPH P AMOY TOTLHMO
napaTIelemHnean.

X==zg,y=xp,I==2¢

Evieu HocaeToBaTh MOBEDXHOCTE METOTOM C&HeHIH —
nepeceras NOBEPXHOCTE KOO P ITHHATHEIME MTOCROCTAMH H
MIOCKOCTAME || KOOPINHATHEN B ceqermn Gyaen moTy4aTs
TTHHHH, N0 GopMe KOTOPLIX HYIeM CYIHTL 0 hopMe
NOBEPXHOCTH.

[Mepecedey NOREPAHOCTE MIOCKOCTEIONO Y. B ceueHuH
MOV THHHEO.

! ) g ! t =ANTHICa 0 b -
L {;—“f‘-’*?“:a {;—”f‘-’" noyocH
E=0 E=10
AHATOTHMHO C ITIOCKOCTRID FOT
a i 3 a F
Sedafa, [ Zofay s
L ¥« noayocaMu b ue
=0 x=10
ITaockoeTs || XOF
Fal |.|:|'!r lla-"-]...lj
2t A L = al B o=
ot e
Ilkr x ’-h! all ""ﬂyﬂ‘-"'el*
= #’[I—?] ﬁ’[l—'c—r] :
g=h k b--b'J-F

Ecan i(0.2), 10 ocH 3naunca yOueaoToTan b 100,
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LlapaGoomk]
a) [imepSonpyecknii napalo R — NOBSPXHOCTE ¢
EAHOHIYECEIM VP ABHEHNEM:

ﬂ_y_- 2z 2129
F 4 p>0g=0
1 TMopepXHOCTE ETOROTO MOPAIKA

2) Tak 6aK 1,0 BXOIST B VPABHEHHE THI B 9eTHbIN

S

3} HeeTeayes MOREPXHOCTS MOTOTOM CoueHns

1 t X 1 j"'
mXoz | .2 .3 d ol rot |
R A R e

I-[I j"ﬂ P=

B ceqenns napadora cHMMeTPpHIHAE 0CH OF, BOCKOIAITaL

CTEMEHAX, TO MOBEPXHOCTE HAMEET IMT0CKOCTH CHMMETPHH, n.¥OZ (2 7 1 LI - m? 4
EOTOPEIE TP H JaHHOM BEISOPE ROOPIHHAT COBNATA0T © P qu = ol Eq b
IOCKOCTAMB X OZ, YOZ, i " _..r/\.-
m.|| Yoz 1 mL.ixorY
Ei—f.?_—]: :-—Z.!—4£-I_ f:\ : :_J-—I:_zg __-f:___}’:_n .-f..—.};’—-j

12 % - Iy Ip " P9 bed P = 1 iph ign

T=h xmh =k =k zmk

nprh > 0 runepGornl, ¢ JeficTRHTETEHOM MOV OCKID BIOIE

m oy
.2 o
[ 5 (e 5 ‘[:"F Ja
LB . e O sl
1P ‘?u e qp Q‘u - ¥ i
L z- L == N Jg'

B cedeHHH Mapa MpaMEX, TPOXOINIHHE 9epes Ha9amo
KO0 D IHHAT

QX mpr it < 0 runepGoist, ¢ JefcTRHTEIRRONE NOTYOCEI0
BOOIEOCH T,

1Ly
I_+L-k

Daannreuecknil napadboaona ;g 54

1) NoRepXHOCTE BTO P OTO MOPATEA pahgsi
21HMeeT I MIOCKOCTH CHMMETPHHE, ROTODAIE COBMATAKT C

XOZ n¥YoZ

3)aepad 9acTsk VPEARHEHHA HEOTPHUATEIRHA=> 2> (), TO
£CTE, BCR MOBEPXHOCTE pacnoioseHa Hag YO Y.
4) Heeegyes NOBEPXHOCTE METOIOM CEILHHA

m.XaY
I.‘ ‘r!- T .F.'F
y Friar ks b €
rw=l zui

m. |[XOY

i+_-j;m %.%-1 e
12 @ R
| £=Ahz0) z=h d LR

G : napafona BOCXOINIDAS

—si-=1lr FoelgE &

1» q al C BEpITHHOH B HA9 4.1

| x=0 KOO DIHAT

m.Xoz

-t' ¥ n:ﬂpaﬁu.-'lam::m:mmxc

- ;‘ o I EEPINHHON B HAYATE
F=0 KO0 P THEAT

[ nnepioaonas

a=0
ajmmmumm§+§-§=l 550
a b € =

1 ) moBePXHOCTE BTOPON NOPAIKa
2)iveeT 3 MIOCKOCTH H | OBHTD CHMMETPHE
3)neTod ceteHi

s
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m.Xor 6) JIevionocTHEN TEnepGoIoHT
:\': _I'i :J ]
i 1 i H 3 cetqe THTIC - e =
{;:'ﬂ ‘:—r“;r".:. {ér*f?'" ;ﬂwa::;;‘"b_c |y moBepxHoCTs BTOporo Mopaoka | & B et
= £=D S 2}unesT 3 MIOCKOCTH H | HEHTD CHMMETPHE
o [[YO¥ P 3) pacnoloente NOBEPXHOCTH 2 ¥t
r ¥’ £2a'; K2a; (abe>0) FT'tiTtoT
2 oyt 4 o=l _—n
T T e 42(E] vk i
g ek & = P2 MMopepXHOCTE COCTONT HE _-'1
z=h OBYX HacTeil, pACHO0MeHHBI F oy
z |f ¥ * BHE MOI0CK MEETV P
a mafl+ = " | [,/ Y
¢ ‘ o MTOCKOCTAME C YPABHEHHAME -
b mb 1+f_'—; 5 x=a,x=-a = S
# f. 4 <
npHh|-=woTa i b 20, % JHCCIETYEM METOIOM i
l ceweHHil (Cmmrmmt:n.un!‘ﬁ'{flj
Konye BToporo nopsika wijXorY -
zmh e=h '
4 = J'_!'_un oy P —.-‘H_»f—-—.-h =
KoHYyCoM BTOPOIO NOPAIKA HAILIBAETCA IOREPXHOCTE, L i it i A
sﬂmmnecmcypmm;n?wf?ﬁ H:-:Eﬂ BHI: g aall  poaM || == 010 g0
abexd) FtEF0 nLyYoz ’ 3
1) moBepXHOCTS ETOPOTO MOpaIEa [ el S5 { JEL
2 HMEET 3 IIOCKOCTH M | WEHTD CHMMETPHHE 4 x! pt 2! = r 2ifr e |l «
— L'..— = 5 + iy t=0
) HoCTeIV e METOI0M CeseHHE | TR ’ ¢ L. % _.n
mXor FEApa TPAN, NPONOTHEIHY SEPET HIMAIG KOOPIHHAT :
& 2:= 0 N 3 k4 =§| mxos x ;
x z - 0,0,0 = O —4 == 0
"'i"f"-Er-'—!:ﬂ' ';54-%::'} a( ) I: '1..1 2": - {a c mapa NpAMLIX,
a & LA LT_ - 0 ¥=0 TPON0 TALIEY Hepes
a b é { x oz 5 HAYEI0 KOOPIAHAT
a ¢ '
Nexuua 3. Matpuupl, onepaudd Haa MaTPHLAMK,
TeOpEMa CYyWecTeosaHMA obpaTHoi MaTpULBL.
MaTpu4Han 3aNMck CUCTEM NUHERHEIX
anrefipaviecHnx ypaeHenud, Metop, obpatHo#
= _— "& maTpuubl pewenna CTAY, gopmynsl Kpamepa.

Paur matpuubl. Teopema Kpowewepa-Hanennw,
Teopema o GasmcHom MuHope, metog laycca
petwena CAAY. OAHOPOAHBIE CHCTEMBL AMHERHBIX
anrefipanueckmy yPasHeHHHd, gyHAIMEHTANBHAA
CHUCTEMa peweHud OCNAY.
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1. MarpRns B 1eiic AH HMH.
Ounpegenenne. Marpuna — npaMoyroibHas
I‘aﬂJIHI[ﬂ H3 mn JefiCTEHTEILHEIX 9HCRT,
PACTIOIOECHHRIX B I CTPOK H R I’.‘Tﬂ.’lﬁ[lﬂﬂ-.

Ofosnmierme: ABCD ..... (L[ LI
ay & - o,
Jas Gy Gy - by
Ay Oz o Oy

Marpuua, Bce 3TeMeHTE KOoTopoll HyIH,

HAIBIBACTCA HY.JEBOH.

iR

M3

MarpHuBl ¥ KOTOPBIX COOTBETCTBEHHO PaBHbI

4YHCTA CTPOK H CTOIGIOB HasHIBAIOTCA
MATPHUAMH OIHOTO PasMepa.

JBe MaTPHIE OTHOTO PaIMEpPa ¥ KOTOPEIX
COOTBETCTBYIOINE YIeMEHTRl PABHEL,
HASHIBAKOTCA PABHBIMM.

Pazinunbie BAILI MATPHI

MaTpHIA COCTORIIAR H | CTPOKH HAZEIEAETCH CTROKDIL,
Marpra coctosmas 12 | cronfua vasseaerca cronfoom.

Ecagm 2 i, T0 Ma Eatl ThHAR.
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1.) TPaHCNOHNPOBAMIE — 3AMEHA BCEX CTPOK MATPHII

cTOTGUAMH C COXPAHEHHEM HOMEPOE (A”)

anfd—>A' 123 &
A= [5 6 7 aJ

Ecand=A", 104 —CHMMETPHYHAS,

2.) IuHelisbie ONEpALINEN HAX Ma TP WA ME: CTOHREHRE

MATPHIL YMHEKEHHE MaTPHIIE HA THCTO.

2.1. Omepams cICREHH BOIMOBHAE T8 MaTPHIT 0THOTO
pasMepa.

Onpegedenne: CyMMORIBYX MATPHILA .., =[a,] # B[]

Ha3. TpeTha MaTpHIA O, Toro #e pasvepa Co . =[c]

Oy=a;+ br

T.&. NpH CTOREHHH MATPHI HX COOTRETCTEYHOMIHE JTEMEeHT

CRTAIBBAKTCR C=4+8

A=

o o Ow WA

2.2. MpomyBeeHmem 4. Ha b€ R (HIH . e R HA A)
HaskBAeTCA By byl by=tay, (d=[a,]) B=kd
Marpuim (-1)-4 HaisBaeTCR NP OTHEOIOAOKHON 118
ofoamatasTeg —4.

Cvania MaTpi O H—4 HASEIBASTCR HX PaIHOCTEER B
ofosHagaeTes C=-A4.

2.3. CeoiicTEA IHHENHEIY onepaumii (+)u ()
VAul = A+8 =8+ 4

YR AC=A+I84Ci=1 44+ 8 C
VA= A+l0= 4

VA= A+(=-A)=0

YA=1 A=4
YAuv¥lue R
Ya bfe Ru¥a
YAuubu YK e R

g+ 814 =ad+ 8A
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(A=Al gl b= i 24}

KEid+Bi= K4+ KB
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1. ) Moxkasate, 970 MATPHIE! CTEEA B CIPARA HMET OTHH H

TOT e paIMep
2. IToka3aTh, 470 COOTRETCTEY FOLITHE ATEMEHTR 3THX MATPHIT

THIIE B CIYHAE, CCTH YHCA0 cTOGU0R MaTR
SHCTY CTPOK MaTpPHIEL B.

Onpezenenne: [IpoHIBEISHHEM MATPHIIN A, [a,] Ha
uaTpHuy B, [b,] natusaetcs Matpama C,,, [c,] . 3menent
ROTOPOH ¢, PABEH CYMME NPOHIBEICHHH YTeMEHTOR -0
CTPOKH MaTPHIM A Ha CO0TBETCIBY IOMIHE ATEMEHTH /-0
cToadUa MATPHIIR &,
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1 2y-1 2% (1-(-+23 1-2+24
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Bk (-1 N 2]_[‘1 &
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B ofmem cavaae 48 2 B4, ectH A5 = BA, TO MATPHIEL A B
B Ha3kIBAKOTCH NepecTAHOBO  THRIMEL

2 1

AR = BA

Mo#HO NOKAATE, TT0 STHHHTHAS MATPHNA NEPecTaHOBOYRA
¢ modoll keaaparnodl MaTprueii Toro #e padepa, NpREIeM
AE=E-Ad=Ad
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(2) Onpelelenfe KEATPATHON M3 TPHILL

Ompedetenie: KBaIpaTHas MATPHUA. 4 HAIEIBASTCA

B po#IeHH0 (ocobernoil), ¢oTH ee onpeIeTHTET =0 H
HEBRIDOSKICHHOH(He ocofeHHoil). cTH &2 onpeIeTHTeTs £ 0,

Cnpederenne; MatpHua.4 HazseaeTcs oSparHof 218
MaTpHin B ecan Ax8 = B+ 4 = E (equmrinoil MatpHme)

Teopesa CVINECTBOBAHHA 06 pATHOI MaTPHIEL

Teopewa: Jna Toro 9100k MaTpHa.d HuMeTa odparHyio
HEOOXOAHMO H A0CTATONHO, 4T00kK 0Ha Ghl1a He
BBEIPOEICHHOIL.

HeofxoamuocTh. TTveTs. A mveer ofpamavio B. Torzano
onpelereHii0 A= Bd = FE A8= F, *)
o Teopese of onpeJeTHI=NS KEAIPaTHON MaTPHIE

45|= 4| |5] }
I.gl_l (**)

I3 (%) == 4o eC1H MATPHIL =, TO = HX OMPEISTHTETH
42|~ |&]
Ha(*)== |4 |Bj=tmd = [4]=0
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Takkak 8 ofparsag 1184, 70 AB=E
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4]z 0, |C1#0— AeBRIPOAICHARE MATPHLIE
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Ecand # € - BEpO@#IeHHEE MATPHLLL TO YPABHEHHA MOTYT
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MHMEECTRO,

PaccMOTPHM CHCTEMY M THHeHHEIX VpaBHeHHI ¢ i
HEHIBECTHEIMH

(. @Y+ Yyt a4, =]

QX+ Xy + 4 ay,x, =hy

(1

[ﬂm:H + Tyz¥a *oot oy = E}n

Beegey.d - METPHIY CHCTEME! (1 ), MOIVIEHHYIO 3
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g e iy :'-'1 by
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Jaueianne. HEHIBECTHRE H CEO00IHbE LIeHEl MOMEHO
PacnoloEHTL B CTPOKH, TO J4MHCE HMETE O
COOTBETCTEYWOITH BIL.

Teopema Kpamepa.

PaccMOTPH CHCTEMY 11 THHelHEIX YpaBHeHHIT ¢ i
HEHIBECTHEIMH
QX + G X, .+ a4, X, = b,

Ay Xy + Qg Xy + ...+ Ay X, = by

la,x +a,x,+. +a,x, = E:H

COCTARHM ONp AeTHTETE HI KO3 HIHEHTOE TpH
HEMIBECTHEIX - ONPeIeTHTETE CHCTEMEL,

My |y .. R,
Fr= iy gy .. by
iy iy -

Teopema. EcIH onpeIsTHTeE: KB IPATHOH CHCTEMB
OTIHEH OT Hy 14, TO CHCTeMA HMeeT e JHHCTREHHOS
PeleHne, KOTOPOS Mo HAITH No Goparyia:
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A Al
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Xy=— o |
i A 2 LAY
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Nexyumna 4. Onpegenedve NUHERHOTO
NPOCTRAHCTED. AKCHOMB, NUHERHAA 3aBUCMMOCTE M
HEIABMCHMMOCTE BEHTOPOB. ba3nc W pasMEpHOCTE
NWHERHOMD NpoCTpaHcTEa; npeobpasosaHue
HOODOMHAT BEKTOPA MPM Nepexoae K HoBoMY
Gasucy. CHanApHOE NPOMIBENEHWE BEKTOPOB,
HOPMA BEHTOPA, HEPABEHCTBO HowWm-
BYHAHOBCHOTD, OPTOHOPMMUPOBaHKBIA Bazuc.
NuHeliHpliA onepartop, ero matpuua. Matpuua
AMHERHOID ONEPaToPa NPW Nepexoae K HoBOMY
Gaincy. COBCTBEHHBIE BEXTOPBI, MX HAXOMASHMWE,
HeagpatiyHeie GopmMbl, NpUBEAEHWE MX GOpMBE! K
KaAHOHWYECKOM) BUIY.

1. Timaefmaere npocTp MIcTRA

Choeemerm=se

hiRosecren L= [%,%,%, .} anemesroe mofofl npepofi  Haemastea
NMHESTHER OPOCTPEHCTEOM HAN, Nouew AsicTeTeneders awcen B, eom
ERIOUTHANIT A TRH YEITOEHA:

e eEHOCECTEE Lo OOpEENEHA ONMEPAAR CIOEERAT 8 |, KOTOPEE MK mo
OEVM  IMCMSHTAM K ¥ =L CTEEMT B COOTEETOTEME SURHCTECHHED] TPETHI
ameperHY  TEL [ ofmememeEs = By o BaseEaceed Ax cymoacdt

TYE wHeEsTEC L ompensneHs OTICgEiRg Y cHE HA 3CMSHTED [IO0RE

E @ ., woopas xzepody anemesry xe L o rEmpoy smoueHty Ae B
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p=AEY H HIGEICNBEL DPONYESTCHHEM OeficTENT emkoro smome A e ),
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[Tepeiinem k mpeaeny OTHOMEHHA E—

. Ay
lim —=
Av—0 AY
" Ax + Mr”‘:(&r}z +..+(Ax)
= lim 2 =
Ax—0 Ax

n=1

=nx

Yr.n

M3
Jna cnyvaa n € R OG0o3HAYHM n = 0.
A | S &
lim Ay _ lim (x+Ac) —x -
AcD Ax  Ax—D Ax
o
x“li(l+g] —l] a  Ax
X ro—
= lim = lim -
Ax ax—0  Ax
= —= D_tu_i
x
Mpu BLIYHCIEHIH npenena MBI

BOCMONBIOBANNCE CACQVIOWell IKBHBANCHTHOI
Geckoregroil Manoit: (1 +x)° ~ax+ 1.

Jokazareabcrso Gopmyast 5 y = sinx.

[IproamiM apryMeHTy B TOUKE x HEKOTOpOE
npupamedne Ay # 0, TOrma v monydaer
COOTBETCTBYIOLLEE MPHPALICHHE

Ay = sin(x + Ax) —sinx = zsinvﬂzir ~ms[:c 0 E_;EJ

COCTABHM OTHOLIEHHE:
. A Axr Ax
2511 —co — in—
Ay 2 s[”z] st [ =
— —— COS{ X+—
Ax Ax Ax .2
)

Yyra.
Ay
[lepeiinem K npeneny OTHOWEHNS I
X
sin o
. Ay .. g Ax
lim —= lim I+— |=
Av=0AY  Ax=D E 2
2
1
i Ax
= lim » lim cos| x +— |=cosx
Ax—wl ‘_-"f i} ¥ 2
2

2 % &, 8
AHanor iMHO NokaskiBaeTcd dopMyna
{cosx)' = — sinx.

JokazareabcTBo QopMyJabl 71 =g x.

(gx)'= cuiz
%
JleficTBHTENBHO
* (sinx) (sinx) cosx—(cosx)sinx
t - - % —
(tev) [CDSI] cos” x

Ccos'x-sin‘x 1

C052 X

CDSE X
gr.a.

AHATOTHYHO NOKALIBACTCH (110}15.{}?.113
A |
{Ctg I] A 5. e

F4

JokazaTeancTBo opMyast 9 y = arcsin x.
.“.= l £
il-x'

Paccmotpum  dyHkumo 3y =

OGpatHas K Hell Qynkuma x =

arcsin  x.
siny. Ha
nn

HHTEpBaIE (—;:;J BBITIOJTHAKTCA  YCIOBHA
TeopeMsl O Mpou3BOmHON ofpatHoii GyHKIHK.
JeficTeuTeNbHO X,"= cosy # 0.

Taxum ofGpasom, No ykazaHHoil Teopeme:
1 1 1 1

“cosy fiosmly e

¥ =

w X I

X
£l

9Th

16
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B nocnenHeM BeIpameHHH — KBAIpPATHBIN Jokazareancrso dopmyant 11 v = arcig x,
KOpeHb GepeTcs cO 3HAKOM «+y», MOCKONBKY COSY o 1

14+x°

PaccMorpuy ofpatHyio QyHKIHI x = 1gy.
[Ipn ¥ € —g:-g—] YIOBACTRBOPACT YCIOBHAM

X7
Ha [- E;EJ NONOHRHTENBHBI.

AHanorHuHo gokaseipaercs hopmyia

V= Arccos x, V' =— . :
- B 1—x° TeOpeMul O MpoH3BofgHoil ofpatHoll dyHKINMNL.
JeiicTenTensso x," = 11 # 0 npu y €
cos” ¥
T M
( =% 5] B cuny ykazaHHOI TeopeMbl
i -
i el B o B o Th (O npomspoaHoil cHOXHON QYHELHN).
Y = T osecty 1+tg’y l+x’ [1ycTs HMeeTCA KOMIOINIHA PyHEUHi
911 X2, y—L,y
3necs HCMOMBI0BAHO  TPHTOHOMETPHYECKOE xpeXmweliwe Y
COOTHOMICHHE: 1 +1g 0 = sec’a uo = Qlxo), yo = flw)
AHanorH4yHo JoKaseiBacTCA GopmMyna Mo cyT gena uMeeM ClHOKHYI0 HYHKIHIO
y=arcctg x,y =— : - ¥ = flo(x)).
14+x°
Iyers dyuxuns ¢ mddepesunpyema B MonaTRe KIHH, 3 1aHR0H
Touke xp (T.€. cymecreyer 9Yxp)), a PyHKUHA HAPAMETPHIECKE,

S mipdeperunpyema B TOuKe 1, = @(xy) (T.e.
cymecteyer f (up)), TOrma cnokHas QyHKUHA Onpederenwe. TTycTs 3aaHbl YPaBHEHHA:

v = flp(x)) Tarke middepeHnpyemMa B TOUKE X, x=@(1)
il IpH 3TOM { o (2),
Velso) =, (g )1 xo) 7= FUE
IWTH, Kopoue rAel € T MpOMEAYTRH, NpiéM (yHKIA
V.=l u x =@ ( ) ameer obparayio gyHEIHI ¥ = @ ' (x),

Toraa onpeeneda gyukma vy = ¥(@ 1 (x))=
=¢ ( x ) — 312 DYHKUHA HasbBaeTCA QyHKIHeT |
3aJAHHOMN MapaMeTPHYECKH YpaBHeHHAMH (2).

il n

be3 Toka3aTelbCcTBa
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x=sin{ - -
Hpusep. [Tycts o , g -;;;] s Teopesa (o npousecdHoli dvuryuy, 3adankobl
¥ = oonk & & napavempuyecsu). Tlycts dyusuma y = P(P 1(x))
1= arcsin X, TK. Ha [_E E] sin uMeeT 0OpHIB 3a71aKa naga(u-u;rpmem! yPABHEHHAMH
22 x=d(1
Jte T, npuaén dyssiom @ ()
= cos(arcsin x) = 14']&1 { ) TR {_r= ¥iit)
v > cos(arcsin x) > 0 Ha [—E E] |
2 el H ¥ ( 1 ) anddeperumpyemel B HexoTopoil Touke fH
Vs ™ @ '(1y) # 0. Torna pyrxmmx y = F(P1(x))
' aaddepennmpyeMa B ToUKe Xy H e MPOHIBOIHAR
i ¥ s MOKeT OBITh Haiinena nmo dopmyne: dy
| ' ol w{m] [ﬂl _dt
J ¥ (xo) [ o), T, ) d
" ' dt
JdokazaTe1scTBo

Pacemotpim $ymxmo y = #(@ -1 (x) ). Ona
ABNACTCA KoMIoIHIMeH 18yx dyHxmmil. E&

NPOHIBOIHAL B TOUKE X; | _
(o) ]' wn)) ., Nexymna 10. [uddeperuman, ero reoMeTPUHECKHA
Ve (x0)= ¥, "(f0) Ty (Xo) ' {r.;.] .;p*“,,} *) CMBICT. MPOMIBOOHLIE BLICIIMX NOPAOKOE,

dopmyna Nerbrmua, auddeperuant BoICLLIKX
Pasencrso (%) cpapeIHEO B CHTY TEOPEMEl

NOP#AAHOB,
o npoussoaHoil ofparrof dyHKInNL pAA

Onpezexenne 1. Oymaums » = flx)
HaOsBaeTcA IHddepeHmmpyeMofi B ToYke X,
ECTH MOAHOE NpHpamleHHs OpPeICcTABHMO B
CASTYIONIEM BHIE!

MMyers sanana ¢ymxmma v = fx) =va (ab).
Touxa xp & (ab). TlpuiaguM aprymesty v B
TOYRe X; HEKOTOpOe MpHpameHHe AX, TOTaa

HELIHA MDIVIAET COOTEETCTBYIOI S
l?:}q:ramem a " Ay = P-Ax + a(Ax)-Ax,
Ay = flxg + Ax) - fixy) rae: P = const, ct[.ﬁ,‘rL-: ua

Ay OydeM Tak e HISHIBATE MOTHBIM
npHpameHHeM (YHELOHH, COOTBETCTBYIOMIHM
OpHpameHIe AY,

1&
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IMpaMep
Heenegorars Ha anddepeHIHpYeMoCTh B TOUKS
xp ysximio f(x) =4x' - x + 8.
Pemenne
D(f)=R.
Ay =[xy + Ax) - fixg) =
=4(xg+ AV - (xp+ Ax) +8 —dxt + -8 =
= 4y’ + BpdAr + 4Ax7 — xp — Ax — Ay’
= [8xg = 1JAY + 4AxAY,
a(Ax) =4Ax, P=8x;— 1 =1"(xp).
Cneaosarensno, dyHeuna [(v) anddepenmipyena
B TOMKE X,

T =

SR

M3

Onpedeaenne 2. Oyvakmua v = flr) HaswBaeTcd
anddepenunpyemoii B Touwe X, ecIH OHA B ITOM
To4Re HMeeT npomssofmyio f(xg).
Teopema (0 paBHOCHILHOCTH JBYX oOnpejaeneHuHd
anddepermpyenoii dymkmm)
Onpegenerd 1 ® 2 pasHocHIbHE. HHBIME
cnosasi, GyHKUHA v = flx) INMeeT NPOHIBOIHYIO B
TOUKE Xy TOTAA H TOJBKD TOTEa, KOIJA OOJHOE
TpHpameRne Ay, COOTBETCTBYIOIIEE NP HPAIIeHHID
Ax apryMeHTa X B TOUKE Xy NPeICTAaBHMO B BHIE:

Ay = PAx + a(Ax)-Ax,
rae; P = const, am.xL—_r_ Dl:l

JoKaaTeILcTEO

Heobxeouwecms, ano: (x). Hazo gokasars:
Ay = PAx + gl Ax)-Ax,
rae: P = const, :qml;—r uﬂ

[Tycrs cymectsyer f'(xg) H MBI 3HaEM, 9TO 3T0 €CThb:
LAY Ay i
RS 2 =2 = Ax
S(xo) ﬂm:m J'(xg)+ alAx)
rae: u[ﬂ:clx—rﬁl].
Ay =(xg)Ax + alAx)-Ax, e u(ﬁ.‘c}h—r E

A 3TO M ecTb HYKHOe npejcTaBiente, rae P = f'(x,).

Hocmamounocnms. Jano: Ay = PAx + aAx)-Ax,
Hazxo jokasate: cymectsosasme ['(x).

[Tyers : Ay = PAx + ofAx)-Ax,

rae: P = const, u[ﬂ.rL-;r }l

Paznenmy Ha Ax: AwAx = P + alAx), rae: il'[.rl'l']*—!- E

Takmm obGpasoM, GyHKONA NpelcTABHMA B BHIE
KOHCTAHTBl H GECKOHEYHO MATO BeTHYHHBI, TAKHM
ofpazom, o Teopexe 00 acCHMITOTHUECKOM

PAsTOKEHHH): |jin . 4 P, a 3H4HT |jm V. [ix,)
Axr—p AX Ar=sd A%

cymecteyer f'(x) = P.

lexons v OpeasIYIIEro, MOKHO CKA3IATE, 9T0 f(X)
anddepentnpyena B TOUKE Xp, SCTH:

Ay =f"(x)) -Ax + a(Ax)-Ax, Tae: u(ﬂ.ﬂh—} E'li'l. e B . 8
y Y

I II

[Teproe cnaraemoe npasoff wactn 1 HaswmBaeTca
riaeHofl 4acTeid NOJHOIC NpHpameHHs Ay, ©OHO
COAEPHT [MaBHYI0 HHpOpMAII 0O  DOTHOM
npupaimeddd. Bropoe caaraemoe Il mano siHAer
Ha Ay

Onpejesennme 3. Inaspas  dacTs  [MOIHOTO
npHpaimennd QyHKIHE Ay THHeHAS OTHOCHTEIBHO
NpHpatieHHa aprymedta Ax (a mMens0: f '(x,)-Ax)
HasHBacTcA auddepeHunatom ol dyHKIHH B
TOUKE Xy,

Obosaamaetca dy = qfixg).

Takum obpasom, dv = f '(x)Ax — mnepemeHHas
BEMTHYHHA:  PavIHMHBIM =AY  COOTBETCTEYIOT
paxTHYHEE JHAeHns Trdipepenmata dy.

11
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Onpejerenne 4. Tuddepenunaton aprysedTa ¥ g
TOUKE X HadelBaeTCA ero NpHpamleHHe Ax, T.e. MO

OnpeaeIeH 0 dx = Ax,

3T0 oOmpelencHHE ONPABIBIBAETCA CASIVEOLMIHM.
Paccyotpy dyErimmo fx) = x.
Juddepermman ee;

dv=dflx)="(x)Ax = 1-Av=Ax, T e dv=dx = Ax,

HeficTerTeasHo dy = Ax.

SR

M3

Mepedpasupyven dopumyny ana  audupepenunana
CHEeIYIOIHM 00paIoM:

dv = f"(xo) dx,
I7€ X - NPOH3IBOABHAR TOYKA.

d‘.
Orcrona: M(xy) = E = NpPOH3BOIHAA ECTh

OTHOIICHHE Takix AnddepeHuHanos.
Tem camuiM ONpagIbIBacTCA ONpeIeieHHe:

dv Ay
il
de Ax’

Npasnia iudppepernnposanna

Iyers 1 = ulx), v = vx).
La{u £+v)=du £ dv;
2. d(iv) = vdu + udv;

3. d[g']:rdu:udr :
v 0

4.de=0 (c= const);
5. dleu) = edu (¢ = const) — ceoficTEO OOHOPOIHOCTH
JoKaarTelbCTEo
Lalu£v)={u £ v¥Vde =" vV )dr=u'dy £ vidx =
= du + dv:

JoKasaTeabcrso (PO10KeHHE)

2. d{uv) = (uv)dx = (u'v + vuldr =
= wWuw'dx) + ulv'dy) = vau + udv;

u 'r.r”' u'v=vu
)-(3) (25 -
_ viwdr)-ulv'dx) _vdu—udv,

1 v
4.de=c'de=0;

S5.dlew) = (e =(c'u + w'ehde =
= w(c'dx) + elu'dx) = edu.

Mexannuecknii cvMuica anddepennnaia

Bozppamaesca K 3aJade O BRIYHCTIEHHH CEOpPOCTH.
H}rm MATEpPHATRHRA TOYEa COBEPIIAET

npasoTHHeliHOe, BoOGIE TOBOPR HepaBHOMepHoe .TAY

amiCEeHHe mo zakoHy: § = fif). rae 5 — myTh,
npoiigennsit 3a spei 1. Juddepenuman ¢yHxmm:
ds = df (to) = f"(tp)dl.

raef (f;) — MrHOBEHHAR CKOPOCTH B MOMEHT BPEMEHH fy.
Takum opazon, MEXAHNY eCKHi CMBICT
AnddepernAana JKMOYASTCA B CARIVIOmEM: ds —
MyTh, KOTOPHIl mpomna OB TOYKA 33 OPOMEAKYTOK
BpeMeHH df, e Gbl OHA IBHTATACH PABHOMEPHO CO
cropocteio f(fy). KOTOPYH OHA HMeNTa B HAHATE Y TH.

Teomerpuqecknil cybica 1adupepennnaia

1 TlycTs faHa dyHKIHA
il ) (Ay=py  ¥=An.
s Ipoeeaem KacaTelLHYIO
W M K rpadHKy QVHKUHH B
b D Touxe Mixg, flxg)).

TIpHAATHM APTYMEHTY X
B TOMKE X; HEKOTOpOE

MPHPAICHHS
0 Ax =MD,

/ X, x+Ax X CooTBETCTBYIOMIcE
MpHpAIIeHHe TOTYIHT
Av=DB.

=t |

" o

12
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Juddepentman:

dy = df (xg) =f"(xp)dx = tgadx =
=(ADIMD)-MD = AD.

CnegoparensHD, — FeOMETPHUECKHA  cMBICH
mudbepeHnrana &y eCTs  OpHpamIcHHE
OpIHHATH  KACATENBHON, COOTEETCTIEYHONIEE

MPHPAIMIEHHIO ApryMeHTa Ax.

B omwuupe ot aubdepenumana, Ay ecrs
NpHpaieHHe opaHHATE caMofl kpuBoil ¥ = flx).

SR

M3

HasapaaaTaocTs Gopybl 1addepennnaia
{Hueapuanmyocms — HEUIVEHHOCING).

Paccmorpiy dyvukumo v = flx). Ee nnddeperunan
dv=f"(x)dr, (1)
rex — HEIABHCHMAR TEpeMeHHAR.
OxashiBaeTcA, 9T0 3Ta opMyna ocTaeTea npewHedi,
KOTAA X — 3ABHCHMAA MEpeMeHHAN, T.e.
x=o{r).

B 310M cBoficTBO HHBapHaHTHOCTH dopayasi (1).
HeficTerrensto, uueenm: v = flg(), cunraem @)
anddepenunpyemofi mo ¢ Torga cymecTsyer
npoHIBoaEAR 3, = 1. Torma Mo#HO BEMHCIHTE
andpepeHTHAT, HCXOIA HI APTYMEHTA [ O «in:

dy = y/di = ¥/ {x/df) = v/ dx =f(xX)dx, =TH

3ameaanne, Dopua and peperumaia
dy="(x) Ax

CBOMCTEOM HHBAPHAHTHOCTH B OTIHYHE OT
dopum

dv=1"(x)ds

e ofnanser, Tak Kak y Av H dv nmoaHoe
npupamenne gynxuan x = @(f), soobme rosopa
HE COBIMAIACT.

Mpavmenenne anddepenunaia opa
NPHOTEAKEHHBIX BHMACTeARAX

Kak wH3BecTHO, ecan dvHRmHa ¥ = [ (x)
anddepeHIEpyeMa B TOYKE X, TO €¢ MOTHOE
NpHpameHHe OpeAcTaBHMO B BHIE:

Av=f(xg) Ar + afAx)-Ax, rae: ﬂ.[.&IL—: é}

Har Ay =dy + afAx)-Ax, rae: E{M}Mﬁ E’

IpaaeM, oy ABadeTca raaBHofl  9acThio
npupamerna Av. [lostoary:
Ay = dy.

1o PABCHCTEOD TEM TOYHCS, HOM MCHBIIC
npHpauieHHe apryMenta Axv. Torma:

J() =1 (x0) = £ (xo)lx — xg),
Jx) = f(x0) + 1" (xpdx — xg)

310 ocHOBHaA (opMyTa ABIASTCA OCHOBHOH O78
NpHOTIHKCHHLIX BRMHCTICHHH tHaveHHH QVHKIHHE ¢
nomotnsio Judbepenmuana. OHA TeMm TOUHEe, ueM
Ortiace TOUKA X HANOIHTCA K TOMEE .
OcobeHHo 4acTo 3Ta GopMyIa HCNOIBIVETCA KOTTa
x; =0, B 1oM cayqae oHa NPHHENMAaST Cleayoumif
BHI:

Jx) = f(0) +/(0)x
OHa CIYKHT HCTOMHHKOM MHOMHX NPHOTHEEHHBIX
thopumyn, ecam Bumecto f (¥)  paccMaTpHBATH
KOHKpeTHBIE dyHKInM,

Mprvepsl
Nal
J=(1+xp
£y = D,
Haiigem:

JO)=(1+0p=1,
S0 = p(l +x),
S0 =p(l + 0t =p,
Toraa:

(1 +xp=1+pux
Haax — 0.

s
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Ni : ¥ =X Hﬂ 3 l.'l.
f{.ﬂ o iﬂ[l LA .'I.':l. o - f{_f} = gf g ¥y= l?l_.-;
% =0, Ay=n(1+3) =0, /
Haifigem: = - Hajinem: w ,
e i B fO)=e=1, =i
4 1 ?.-'.. ) f'{t} = B~ 1] _,.f. &=
FO=7 =<1,
SO { Toraa: i /
ftuj_m_lr II.' ¥ &=1+x y
T f . Juax - 0. A
oraa: | s L .
In(1+x) = x. [
Oax — 0. | *F ;
N4 y ) “pn;“-p
ﬂﬂ; g y=x BRMHCIHTE NPHOTIGKEHHO ¢ MOMOMIBIO
‘;;aji.::éu- anddepenumata 17
? V = siny
f(0) = sin0 =0, P I = 1671 = g1+ L )=
J(x) = cosx, rd : .16,
f0)=cos0=1,"_ = 4 i . g .
Toraa: Nz J.[]_l)‘ . {HLL]:E
SiMY = X, 16 2 16) B
Jdnax — 0.

Tatanna auddepennnaios
Ona nomyuaercs H3 TaGnHUb! NPOMIBOJHBIY [0

doparyie:

dfix) = f'(x)dx.

Kamaas crpouka talomusl DpOH3IBOIHBIX JaeT
TaGTHIE

COOTBETCTBY MY
andrdeperunanos.

CTPOUKY

Mpumep
dé = peeldy,

dsine = cosxdx.

Ilpon3BoHbIe BRICHIHX NOPAIKOR
Onpeneneame. Ilycts dymxuua v = fix)
HMeeT Ha mHTepBane (a, b) nmpomzeommyio f (x)
anddepeHunpyeMa B HEKOTOpOil Touke ¥y &
(a, b). T.e. cymecteyeT [f(x)]' B TOuKe x;. T2
NpOH3BOAHAA HA3BIBACTCA BTOpOIl MPOM3IBOMHOMN
(G yYHKIHH [ B TOUKE X, HIH OpoH3BoaHOil BTOpOro

MOPANLEA.

d(dvy d*v
060 Sy~ —| L=
aHageHn: [ x;) :ir[ ] ~3

s

13
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[ycts BTOpad npouieonuas [ "x)
OonpeneNicHa Ha BCeM HHTepeane (a, b), T.€. 310
hynEmma. MokeT cnyuHTECA, YTO 3Ta QYHKUHA
f"(x) BHOBE mHddepeHUNpYEMA B TOYKE Xy €
(@, b), Torna [f"(x)]" wazeIiBaeTCAE NMpPOH3BOMHOM

TPETRETO MOPAIKA.

d ﬁrl‘.' d"t'
OGo s Wy = | —= =
aHaueHns: [ "{xy) d\'[ritzJ 2

SR

M3

IMyvcrs Ha uurepsane (a. b) onpeneneHa
npon3soHas (n — 1)-ro nopamka £~ "(x) npu
n € N. Ecnn cyllecTeyeT ee MpoHIBoNHas B
Touke xy € (a. b), Torma [~ lJ{.‘t']l]’ HassiBaeTCA
nponipoanoit #-ro nopaaka pyHmmun £ B AaHHOM
TOYKE.

: d(d"'y) d%
OGosunagerng: 7 (x)) = — 2 =22
S (xo d::[.«,ir“‘l] s

Mexapnueckn il cMBICT BTOPOil NPORIBOIHON

Myt s =f1)
f{(f) — MTHOBEHHAA CKOPOCTL = V.

Bo3sMeM MOMEHT BPEMEHH f, H 3alaiHM
npapamerne Af. Torza cKOpocTs TONYYHT

npupanexne
Av=v(ty + Af)—v(ty) =f {1, + AD—[(1,).

PaceMoTpiM OTHOLIEHHE
- _Av
Wep = E
3T0 €CTh CpeJHEE YCKOpPEHHE 38 MPOMEXKYTOK
Bpemennt Ar. A ero npenen:

. Av i _
lim =¥ =+(29)= f(tp)

HA3LIBACTCH MIHOBEHHOC YCropeRHe
ABHACHHH. T.C. CKOPOCTE HAMCHCHHA CKOPOCTIL.

Jdndvepenuransl BRUCIIAX NOPRIKOE
Tycre sanan auddepenmman

dv=1"{x)dx,
B uactHocTH, o aBagerca dyukumeit x. Momer
CAYHHIBCA, MTO  3Ta  (WHKOHA  BHOBB

mupdepeHUHpYeMa H MOKHO BEMHCIHTE €2
mapdepenmnan. [Tonaraey no onpeneneHHIo;
d*y = d(dv).
Brrascam:
dy = dldy) = d(f"(x)dx) = (f "(x)dx)'dx =
= dx(f"(x))dx =" (x)dx’.
T depermman dv = consr.

Taxim ofpazom, noayuaen Gopyyay:
d:JI =f”(_-r}dx:l
Oreroaa;
i
J"(x) =T
AHaTorHdHo noaygaem: v = d(d™).
H poobme: d = d(d™'y). 10 ecTs:
dry = f ().

L
S(x) e

14
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Nexuwma 11. OcHOBHLIE TEOPEMEL O

Anddepenumpyembix GyHHLMAX,
npasuno Nonutana,

Sy
M3M_

Teopema Pepma’ ([Teep Pepua). Tyets dyrrmna v
= fix) onpenenena Ha otpeske [a.b], H B HexoTOpOIl
BHYTPeHHEH To4Ke 3Tor0 OTPEska NMPHHHMAET CBOe
HapbOTbIIe: HWIH HaHMeHBIIEE 3HAYECHHE, TOTOA,
€CIH NPOH3IBOAHAA B ITOH TOUKE S '(xp) cymecTByert,

¥
10 oHa Hempemenno = 0. * f

ELCATCARLHON
FOPHIOHTLILIA

=y

b

JA0KAaTe1LCTEO

Jl1a onpenenedHocTH GyOeM CUHTATL, 9TO B TOUEE X
dyHKIHA NpHEHMaeT cBo¢ HAaHOOIBINES IHAYCHHE, TO
ecTh: ¥ x € [a.b] (f(x;) =/(x)), HHBIME CTTOBaM:
S(x) - f(xg) < 0. Tlyers npomssoanan f'(x) B Toure xg

Sx) =lim VIIECTBYer.

Tpebyerca nokazars (1) '(x) = 0.
Sfilx)-Slx)

Slx)=1lx,)
et
- X,

MockoabKy Jjpm—————1 B TOMEE ¥ CYIIECTBYET,

o TR

TO CTa10 OBITH CYMECTBYIOT AeBLIl B Npaskii mpene-
IEl B 3TOM TOYKE H OHH PABHEI MO TPETREMY KpHTE-
PHIO CYIIECTBOBAHNA Mpefena B TOYES, 8 HMEHHO!

lim
EE

f[x}—f{-'l'u-:lz i

= lim Slx)=1(x,)

-+l X=Xy

(*)

(x)=1(xy)

m ————=

syl X=Xy

[Mycts x € (a, xp), TO ecTh HAXOAWTCA CIEBA OT Xp,

TOTAAX - X3 < 0 H Mo3TOMY:

f{-r}—f[xu}aﬁ 1)

: X=X
Myets x € (xp,b), T0 ecTh HAXOAHTCA CTpaBsa OT Xy,

TOrAax - Xy = 0 B moaToMy.;
S -flw)
x-x, -

(2)

Tlepefinem & npegeny B (1) H paccMOTPHM TEBBIH

npeaen: i flx)- f{-‘fulzﬂ
x=sxp=0 .'L'—I'q

C apyrofi cTOpoHEL, Nepexols K mpeneny & (2) n

paccMATPHEAA TPABRIT MpeeT, MOTyHass:

F)-1(x) _

lim ————

r—=xip=0 X = -Iu.

M3 (*) zaxmouaen, f'(xg) = 0 & f{xg) < 0 = "(xg)=0.

Y1o # TpeboBa10Ch JOKA3ATH.

Onpeaeaeane, Touka KpHBOT HAIBLEASTCA

BHyTpeHHEH Toukoil, &cH 0HA HE COBIATAST HH C

OJHHM H3 KOHLOB 3Toil mpasMoii.

Teomerpuqecknil cybicT Teopesbl depma

Ecan sy TpeHHAn
ToYEa KpHBOH

Hapbonee HIH
HaHMEHEE "u.

YAATeHA OT OCH
OX, 1o
KacaTeTbHAR B
IO TOHKE, ecaH

Va

& X0
OHA CVIIECTBYEL

mapaniensHa ocH
X, TO ecTh,
FOPH3OHTATRHE,

=

15
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Jameganne 1.

npnmﬂﬁﬂ,ﬂﬂﬂ B TOMEE X MOKCET H HE c&'mﬂmﬂm.
Vi

N

= X 0

&

Jameuanne 1. [pumep y=xna[1.2
VenosHe, 9T0 | i /

TOUKE Xg \ f

BHY TPEHHAA, '-.I ; I."

ABIAETCA 1 | —
BaAHbIM. ECm x| | U ]

He ABIACTCA \ ; /| mnanGoabmee
BHYTpeHHeii J..-’ IHAISHHE B
Toukoil. To \ : / TOYKe 2,
NpOHIBOIHAR B \ / HAHMeHBbINES
Hell He oGA3ana ¢ 4 BTOYRE 1.
OBITH paBHOii _‘L"I{_l]=2¢[l_
HYT10. R ' T y(2)=4=0.

Oupeaesenne. Iycrs x, — BHyTpeHHAA Touka 3 D(f)

dvakmn v = f{x). Touka ¥, HABIBAETCA KPHTHYECKOH
Toukoil 310l dyHEINH, ecTH mpomsoaHad [(x, =0,
6o BOBCE HE CYIECTBYer Te KpHTIMECKHE TOMKH B
KOTOPRIX poHIBoaHAA = 0 HAILIBAIOTCA
CTAUHOHAPHBIMH. &

X3, X3 Xy —

CTAUHOHAPHEIC o
TOYEH

50|55 X, i h

OThICKAREE HAHGOILINETD B HANMEALIIETD
inavenni PyERIER
TMycts 3anaHa HenpepsiHas dyHkma v = flx) Ha
[a.b]. MogeT cry49RTBCA, 9T0 HAHGOIBIIEE HIH
HaHMeHBINee 3HAYeHHe MPHHHMASTCA Ha KOHLEAX
ITOTO OTPeska. o

—

il 7 b

=T

MoseT cIVMHTECA TAK, 4TO HAHGOIBIIEE HIH
HaHMeHbIICE FHAMCHHE MPHHHMACTCE BHYTPH
otpesxa [a,b] B Touke x;.

Y

2

]

#

[ | [
=

BoamoHe! 1Ba cTyHan:

a).f"(xy) He cymecTByeT = X; — KPHTHYECKad TOUKa;

b)f(xp) cymecteyer = (no Teopeme Pepaa)

S'(xp) = 0 = x;, — KPHTHYECKAA CTALMOHAPHAA TOMKA.

Takmm ofpasoM, BHYTPEHHHE TOMKH, B KOTOPBIX

IDCTHTAETCH HAHOOIbINES HTH HAHMEHBIIEE

IHAMCHHE HYEHO HCKATh B KPHTHUCCKHY TOMKAX.
HocTaHOBKA 3a1A%H!

Haiitn Hapboasiuee H HanMeHbIee 3HAYeHHA

dyesamm v = £ (x) 5a [a.b].

Icxoas 13 NpeIsIYINIX paccy#ASHIH, MOTvaaes

AITOPHTM.
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A.'Imp HTM pelleHnd 3aJ1aMn;

1) Haxomied (@) 1 (b) — 3HaveHHs GyHKIHH Ha
KOHIIEX OTpeska.
2} Haxoamw Boe KpHTHYECKHE TOMKH JaHHOM

dryEKuHE Ha JaHHOM oTpelke. [TyeTs 310 Xy Xa, ..., Xy

(B JaCTHOCTH, HX MO#eT H He OhITh).

3) Bermcaaes f(xy), £(xs), ..., f(x).

4) PaccuaTpHBaeM BCe NMOTYVYSHHBIES 3HAYCHHA
f{.a:l!f(b}f.rtﬂrl}ef{xlj‘- '-'-l..r(xn:-.' H Hﬂﬁ}mam H3 HHX
HaubOIbIIee H HAHMEeHBIIES, 3TO H eCTh HCKOMEIE
THAMCHAA.

SR

M3

Onpeaesepne. [Inockas KpHBad HAILIBASTCH
raageoit, ecan b ka0l ee TouKe CYMECTRY ST
KacarelbHad.

i ¥

1 HILASGTCN

ikl kpunod
LIRS KR

7T

Teopesa Ponas. [yers dvasma v = fx)
onpedeleHa Ha oTpeske [a.b], H yaoBneTBOpALT
TPeM YCIOBHAM:

1)/1x) senpepsisra Ha oTpeske [a.b].
2)fx) anddepermmpyenma va (a,b).
3)fa) = fib).

Toraa BHYTpH oTpeska [a,b] Hafizetca xoTa 681 oaHa
TOYKA Xz, B KoTopodt f(x) =0.

lNeomerpuuecknil cMBICT Teopeymbl Posiaa:
Ecan xonust raagxofi kpusofi v = flx) muveot
OIHHAKOBBIE OPIHHATE], TO HA ITOH KpHBOLH
HaiigeTca XoTA Obl OOHA TOWKA, KACATEIbHAA B
KoTOpOil rOPHIOHTATBHA.
M,

N

JdoKAaTeIbCTEO
BosyookHs 1Ba cTygan:
a) hVHKIHA Ha ITOM OTPe3Re N0CTOAHHA, TE,
v x € [a,b] (fx) = fla) = fib) = p).
B a1oM cay4ae pons TOUEH Xy MOKET HTparh Tio0at
TO9EA JaHH0TO oTpelka. Torma f(x;) = 0 kak
MPOH3BOIHAA KOHCTAHTEL

Vi

o

b) pvEKuHA He ABIAETCA MOCTORHHON HA ITOM
otpesxe. B atom caygae sHyTpH [@.b] 313 dyHRImA
MpHHEAMAET 3HAYCHHA, OTIHYHERE oT fla) = fb) = u.
JlnA onpeeneHHocTH OvaeM CUNTaTh, 9T0 B
HEKOTOPBIX BHYTPEHHHX Toukax dyHKums
MPHHIMAST MOTOKHTETEHEIE IHAeHHA (ecnH
OTPHIATETEHBIE, TO PACCYHRISHHA AHATOTHYHEL).
Ho Toraa ceoe nanbosisimes 3HaueHHe (VHKIIHA
MpPHHHMAET B HEKOTOPOH BHYTpeHHeH ToUkE X
GOIBINE |1

IMo yemosua [ '(x,) cymectever. Torga mo Teopeme
Depma [(xg) = 0.

Uto # TpeCoBATOCH JOKAATE.

26
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Teopema Jarpansa. [Tycrs dynxma y = flx)

Vi OnpefeneHa Ha oTpeske [@.0], H yaoBIeTBOpAET
’ ABYM YCTOBHAM:

I \ 1)/1x) senpepeiBHa Ha oTpeske [a,b].
K 2) fix) muddepenumpyema Ha (a,b).
Toraa sEyTpH oTpeska [a,b] saitaerca xota 6m
O[THA TOUKA X, B KOTOPO#:

- 7] + ; 1 Sb)=fa) = [ (x)(b - a).
Feosmerpusaecknil oymbica Teopems Jlarpamea: ya B
Econ xonust riagxoit kpusoii v = _fix) coeansnTs M.
Xopaoit, To Ha 3Toil KpHBOH HafigeTca XoTA Ol OHA
TOMKA, B ROTOPOI KacaTenbHaA MapATISTbHA IToll
Xopae. Vi B
M, B box
TMocvoTpsmM, 9T0 IHAIHT NAPATIeIbHOCTE
® A : KacATeNbHON H XOPIbl HA PHCYHEE.
A D To, 9T0 KacaTeILHAA H XOpJa MapaiielbHEl,
5 0| h » 03HaYAET PABSHCTEO YITOBLIX KO3 DHIHEHTOE.
Tlyets k - Yr10B0# Ko3ddHIMEHT KacaresHOM, JokasaTeAbCTBO Teopesbl Jlarpamsa
ks - xopast. PaccMOTPHM BEIIOMOTATETHYIO (Y HKIIHO:
= b)- o
ky = 1"(xg). 'D{-"-']'Iﬂﬂ '—_Hﬂ'}-f{ ] f{- )I:I‘-‘ﬂ].
/1b)- f(a) =
ky=1ge =BD/AD = i O1a gyHEIHA oMpeleneHa Ha otpelxe [a.b]. u
VIAOBNETBOPAET TPEM VCIOBHAM TeopeMsl Ponna:
Tak kax ky = ky, cre0BaTebHO: 1) @(x) HenpepsiBHa Ha oTpeske [ab] kak cymma
f)-fla) HANPEPLIBHEIX HA YTOM oTpeske it
b-a =J1"(%). 2) oix) mbdepenmupyema Ha (a.b). Jefictenrens-
i HO, €€ NPOH3BOIHAA CYIIECTBYET H PaBHa:
™
ﬂb} —ﬁ-ﬂ) :f".'rﬂxb —ﬂ}. w'{x} = ITI) G M_
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3y opla) = o(b). JeficreuTensHo:

ola)=fla)-fla }—ﬂ )~ ﬁ[ ] -a)=10.

o(b)=Ab) - fia }—f” ”‘”m— a)=0.

Toraa no Teopeme Ponna nafizerca takan Touka

3x, € (a.b), B KoTopoill ©'(xy) = 0, To ecTh:

f(b)- fla)
b-a

J(B) - fa)=1"(x)(b — a).
Yo 1 tpebosatoch JOKASATH.

9'(x) =f"(x) - =10.

Hin

SR

M3

Jameuanne.

Teopema Poana ABTAETCA HACTHRIM CTyHaeM
Teopemsl Jlarpam#a, HIH HHEIMH CIOBAMH TEOpEMa
Jlarpam#a AB1AeTcA oGodmenneM TeopeMel Pomamna.
JleficTEHTENLHD, B TOM YacTHOM CAYyYae, KOTIA
S(b)=f(a)

13 Teopemel Jlarpamsa:

SB)Y =1 (@) =["(x)b - a),
cneayer, yto f'(x;) =0

Jdexuna 12. Popmyia Teiinopa.

OcrarouHblii 4WieH B BIIe
Jlarpan:xa. Pasnoxkenue
eMEHTAPHEIX (YHKIIIIT.

Poppae Teiltapa
Ecma %) - BeMpCpEEHA E T, 3y, TO COPEE CRMHED PasIOkeHEHC
fae i +o(l), ope 22,

ecmd we Bx)  maddepeuspyema BT X TOCMA pmessaro 0=
Dt + 0z = n ) il — ), TIPH X33t
CyashESCTCE, IO SN QVHMIHRE HOOOMEXD p2¥  FoddepeHlppyeds, TO
MPEECITHES TEOpeka.

Teopemn, (F pasyoxcernns no gopsyae Teflsapa,

Ecmr dyerama £x) B T Mp H HesoTOpOH &% OXPECTHOCTE #04  DPas
mopdEneHIR e, TO 083 B OEPECTHOCTH T. X OPEACTEEHIE B EXOE
Sy =Pl 50+ o (205 7, 2%y, TR

B0 =T+ ('“Jnc W E'fz—l“](:: Bl [ %l g (MECETornen Teidnapa)

2&

s
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AT O LT,
Tk v ?g?n(mu 0opad mopgepeHiEpys B T N, To cyecteviot M),
Fisgy, ()
PaccuoTpmee wEorosnes  Fhima e[ )+ (x-m} +..taiz-w’ Tloghepes
o PG EHT B STO00 DELONCAUTEHA TAE, oY o0

P Jmd ()
I e e

Poimied iz
TEK Eak

B Baglsea .+ T
s;r(zj-i‘agf A U G-

w=n-n=Tin=-2) 2. 1a,.
-\—,_'i

[Nu]

[TompEma: Pulx)= E_ (%= g0 - pozoroanex TeAnoma.

 SUAEAT
mMaMn_

Facomorpre dymamin =0 P, Oea Tescea, w0
r,(mj-f,{i'a}- -r.':“’( }-EI TTpsmeesiE mpaemro JIONHTAN FMecK
JEYINE) Y S
- [x gl - |(x x.:,]
=tm® “?ﬂ-u :r,(x}-L((x-xu}“} - Becxomemo-masae Gomee BRICOEOTO MORSME,

qem (33", 4 AT NUTyHess fopama
Sy =Fyfzrbof=a) - dopagrma Teftnopa.

DYHELHA §3) - OCTETOMHEDE wreR dopegrner Teftnopa. Eom ocTaTornmot
e GO0y, T0 TaERL ¢ BEMECH OCTATOMHOCD WISHE HAYBEACTOR
thopeandt amaci [smo. Ecom we :Hgﬂll":-s} TO Tl ) MOEHO TPSETAEETE B fopme

nll

sarmacH Jlarparsa 1, =

LEE

[ *1:-'
e i - Besmr OPOE HEICT0 EE OFPECTHOCTEH TOMER 3.

Teapens, O powgesney mpeboencerns ougddeme aoppmpensail iy s
RS L,

Eomt e pad galepeiiipyead (FBOHE B ORPECTHOCTH TOMEH
Op ERCTARNTEHS B EH e
IIx}-P,(x}i-i(x-xu)";. H—+Hp, TO MEOTOHMEH By, woeddmimesIer eoToparo

gy [’*‘] =0,

r-"j]{DTIZf‘LI'I:CH Teiinopa AEMACTCA HARNTHOLOM MY ECEH BT MHOOUAEHOE UL
MpRGmEeHnd fYEFIDE B ORPSCTHOCTH T. X, TEE KK pafE0cTs §20-Fox=o(x-
21} MOGEHD CIENETE CHOME Y ORE0 Manoi.

Ecmt e =0, To dopegyma Tdmupan]::uﬁpaz}mta B dopryary Memnopes:

fh = ﬂ{ﬂﬁﬂ +$ o +—1 ot
LB 0T 0ALEN hlhmtu:pm

COemEE BEMCHY TCpPoMCHERIE X-geH BOTOE MOEHD MopofiH of  GopnGmELD
Teitmopa x $opryne Makmopesa 1 sacbopor. A noToMy [ pasmoneEHHA HA
TEFAKT HECE NOUILAYIOTCA Tallmash pasaneeati mo dopege Makno esa ax boees
OpOCTOER

n, - eEor e Tefnopa.

Tl e paznoEeEnT

E= )

™ Il
MR X o= +7n
Eu :P(EE{+1}| : )

o= E[-U

oz ")

(?lx':l!

']
z
tp=nrl  Z s
T

i1+ = in:—‘;-' ﬁh:(x“"]

1.3
SN = X‘+ N +—

L 5
o it

El L

1.3-5 .

T3 E" +.4uin
1357 ..{]m-]} f!m]}ll

2468 In =02

GFEOOEE = E-.cxrrsmz

x

2y

GFETEH = = +?——+ +afx =y

7
{1ey® -1=ux+""~°‘“'; P ina? Ll

T3 173 AplE"d

21
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Nexuwma 13. Bozpactanue, yObisaHWe dyHKLMWIA,
HECOXOOMMBIE W [OCTAaTOMHBIE YCAOBWA
CYLWECTBOBAHMA IHCTpeMyMa. MccnefoBaHme Ha
IHCTPEMYM C NOMOLWLLK BLICIIMX NMPOW3IBOAHLIX.
BuinykNOCTh KPWBOK, TOUKK Nepernba, acHMNTOTh
PYHHLMKM, MCCNEf0BAHKE PYHRLMK W NOCTPOEHHE
rpadros,

SR

M3

§ 1.¥c10BHS DOCTONHCTER B MOHOTOHHOCTH
pyHRIRE.

Teopema (kpumepuit nocmoancmea). TryHKmHA

3= fix) ABadeTcAa NocToAHHOH Ha HHTepBaTe (a : b)
TOrZa H TONBKO TOTJa, KOrda ¢# MNpoH3IBOJHAA

o nectserHo =0 ( f'(x)=0).

JA0KAaTe1LCTEO

# => » IT0 HIBECTHO H3 MPedBLIYINEr.
wenIlyems Y x € (a: 8) ([ (x)=0).
TpeGyerca nokasars (1), 4to f(x) = const.

Jocrarouno aokasats, 4T0 ¥ x; % € (@ b):
(f (x;) =f(x35)). JeficTBHTETEHO, OYCTL X) < X»
HY xmela, b)), ¥

=y

O] a x x b

Ha otpesxe [x; ; x;] fyHKONA yIOBIETBOPACT BoeM
yeaoedas Teopesbl Jlarpamsa. Jefictantensto,
OHa HENMPEPBIBHA HA 3TOM OTPE3KE, MOCKOIBEY OHA
HENpepHIBEHA Ha HHTepBane (a; b).

B cray Teopessl Jlarpamga HMeeM:

Jxy) = fx) = f(C) (x; —x,) , rae C- mexoTOpan
roukams C € (xy ;x;) . Ho f(C) =0, Taxsn
ofpasom, [ (x2) —f(x)) =0 = f(xz) =f(x;) . Yro u

TpefoBaT0oCh JOKA3ATE,

Teopesa (docmaimoutsle VEIO8UR MONOMOKKOCIN).

[Iyers ¥ x € (a@: b)) ( f'(x) = 0) = f(x) apnneTca
BoIpacTamel Ha uHTepBate (a: b) .

yers ¥ x € (a: 5 ('(x) <0) = f(x) apnzeTca
yOuBatomeii Ha nuTepsate (a; b).

Jdora’aTelbeTBO
1 9acrn. f'(x) > 0 Ha uuTepsane (a; b).

|

]

L
d X, X b X

() ¥ xp, x5 € (@ B) (x1< x2= f(xy) <f(x2)) Bosbmén

MPOHIBONEHYIO MApy To4ek 1< x> € (@ ; b). Ha
oTpeske (xy,v:) GVAKIHA YIOBIETBOPAET BCEM

YCI0BHAM TeopeMbl Jlarpamsa, H 3HMHL 3C e {1pr X

a1o f{x;) - f(x)) = f{C) (x; —=x;). [To yenosHio

S(C) = 0,1, cTano GuITL, BCA 9acTh MONOKHTENLHA,

te. flx) —f(x) >0, 1e fx)) > f(x;) . Yxa.
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2 uacTs. Bosemés npoMsBoneHYo napy Touex
x5, % € {a; b). Ha [x; ; x;] dyHKxuma yaosaeTsopaer
BeeM VeIoBHAM Teopewmsl Jlarpamaa. 11 snaqm,
3Ce (x,x,), w0 f(x;3) = f(x;) = S(C) (x3 =x;). o
yenopmo f'(C) < 0 B, cTano GbiTs, BCA Npaead
YacTh OTPHIATETbHE, T.e. fixs) —F(x) < 0, Te.
Jix) <f(xy). Lra.

s

M3

§ 1. Hoanoe BccaeloBanfe GyEKOHE B
nocrpoenne rpaduka .

Jagaua HecnefoBaHHA (YHKUHMH H NOCTPOCHHA
rpadEEa ogHA H3 BAKHeAIIHX B MaTeMaTHKE,
ObsrHO  moaHoe — HecaedoBaHHe  (WHKLIHH
NPOHIBOIHTCA MO cAeIyiomed cieme:

LR

STHAN

s

AJTopHTM HCCIeI0BARRA (YHKIHNA:

1)O13. D( f) — ofinacts onpeaeneHus dyHKHN.
2V YETHOCTE H MePHOIHYHOCTH.

3 Hecnenoranne Ha HenpepsiBHOCTE. Haxowaenne
ACHMITTOT.

4) Heenegopanna, ceasamusle ¢ f'(x)

( MOHOTOHHOCTh, HAXOMKIEHHE IRCTPEMYMA,
BOspacTanie, yObibanHe).

5)Hecaenosanna, ceasanusie ¢ f'(x) (MpoMesyThH
BBRIMTYKJI0CTH, BOTHYTOCTH, TOYKH neperuba),

6) Bermucnense 3HaMeHHil (YHKIHA B HEKOTOPRIX
XapaKTepHBIX TOMKAX (Touek nepecedeHnA rpadika
€ OCAMH KOOPIHHAT (€CTH HMEIOTCH), HEKDTOPhIe
VTOMHAIOIINE HAMEHHA ),

7)Hecnons3ya npedsiayines, cTpoEM rpadHk
ymxumm I ().

g'E!HIITE!E
Vi
i |
iz
E g
-
. L
':=—p
Ty 0 X

X=Xy = BEPTHRAThHAA ACHMITOTa

Va

F}

7

—

p— NMpAaEad HAKIOHHAA acHMITTOTA

Y
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.1'11.

-y

(9]

Fil

P— TcBad HAKTTOHHAR acHMITTOTA

SR

Hac unTepecyoT acHMITIOTE v = f(x).
Onpedenenne. [Ipavai x=x; HAILIBACTCH
sepraxatbHofl acumnToToll dyakuEn v = f(x), ecnn
X0TA OBl OJHH H3 OJHOCTOPOHHEX NMpegelos

Iim flx)=== & lim fy)==

Are—=»xn.0 dr—sxoen

OueBHINRO, B TOM CIYYae Xy ABIACTCR TouKOR
Pa3phIBa BTOPOMD poIa.

Hpuvep: v = ] ’ X — TOUKA paspbiBa
2 BTOPOTO poja
~—

Javeuarue: Jlerko caenars BRBOI, YTO €CIH
(VHKINA HeMpephiBHA Ha Beell MHCI0BOM OCH . TO Y
Hed HeT BePTHEATEHEIY SCHMITIOT.

B paccuatpHBasMOM OpHEMepe

3 = 0 = ropH30HTATEHAA ACHMITOTA

Odritee onpedeien e acuMnmons (HavaisHoe)
onpedetenae . [IpaMas p HA3BIBACTCA acHMITIOTORH
maockofi KpuBoi L, ecin nepeMeHHas Todka M e L

HeOTpaHHYEHHO MPHOTHAASTCA K npaModt p npr
CBOEM CTPEMISHHH TI0 KPHBOIT K OeCKOHeMHO CTH.

HaknoHuble acHMITOTE! (yHEIHE OhIBaIOT
NpaBbIMy 1 JessiME. [IpH 3TOM ¥ = kv + b
ABIAETCA Npasofl Har1oHHOH acHMnTOTOM ¥ = (X)),

cemtk= lim L% b= lim (f(x)-ke)
x4 X X=3+0

(oBa npeena KoHeuHBIE).
Tlpayas vy = kx + b agasercy 1::/30% HAKTOHHOH
ACHMITOTOM, el =  Jim S g

y—p—on X

b= lim (f{x)-kx)
X=p—at

B stoMm cygae, ecan k = 0, acHMITOTa HaskBaeTC
roprzoHTATRHON. Taknw obpazoM, uToOk HafiTH
HAKTOHHYH acHMITTOTEl  yHKUHE ¥ = f(x) , Hy&HO

HAIITH COOTBETCTBYIONHE mpedensl k= lim
r=pzw ¥

#b= hm (f(x)-kx),H ecIH OHH OKAILIBAKOTCA
X—pta0

KOHETHBRIMH THCIAMH, COCTABTASTCA YpaBHEHHE

npamoii v = kx + b. B Takom cayyae, ecaH XoT1a Gu

OJHH H3 TpefeloB He ABTACTCA KOHETHRIM HHCTOM,

HAKTOHHAR aCHMITTOTa HE CYIIECTEYET

it
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s

b= lim (f(x)-kr)= lim (Vx%+1-x)=

X=d-0C X—++00
<41 2
. I +iI—X
=[;:~_-_u:'l[= lim ( . )=
X =0 :.ll.‘l'-+l+.1.'
lim ( . y=0

—————
X3+ fx“ +1+x

¥ =X—Ipaead HAKTOHHAA aCHMIITOTA

M3

Haijinés nesyio aCHMITTOTY.

k= tim 79 jim =

x——x X xp-wx X
1
—-X .'t'-.'—z
=[=]= lim — % =-|
X—— x

b= lim (f()-k)= lim (VxZ+1+x0)=

X —=d—a0 X —p—ar
21—zt
" X +i=]

=[#—-wx]= lim [T,,—rll=

X2 4y~ +1-x

; 1
lim }y=0
X——a0 "'_.’JCE +1-x

¥Y==X-=]<Bad HAKTOHHAA acCHMIITOTAa

Vi

Xy Xg X

X X Xyxl0 oxs X

Kak HIgecTHD, 9TOo0R HCCIEI0BaTh q:-ylﬂcmﬂn Ha
IKCTPEMYM HYHAHO:

1) HafiTit Bce KpHTHYECKHE TOUKH yHKIHH

2) Ka®ayio 03 KpHTHY9eCKHX TOo4eK MoIBeprHyTh
JOTMOTHHTETRHOMY HCCASA0BAHHO.
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